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ABSTRACT
In this Thesis, the problem of a quantum quench in quantum field theories is analyzed. This
involves studying the real time evolution of observables in a theory that undergoes a change
in one of its couplings. These quenches are then characterized by two parameters: δλ, the
magnitude of the quench and most importantly, δt, the quench duration. In contrast to previous
studies of abrupt quenches in the condensed matter theory community, we will be interested in
smooth quenches with a finite δt.
Motivated by existing results in holographic theories, we studied the problem of a fast
smooth quench in free field theories by quenching the mass of a free scalar and a free Dirac
fermion. For specific mass profiles, exact analytic answers were found. We found that expectation values for the quenched operators obey universal scaling properties. We provide both
numerical and analytic evidence for this scaling to hold in free field theories and argue that the
same scaling properties should hold independently of the theory, the coupling or the quench
profile. In fact, we show that the renormalized expectation value of an operator O∆ of dimension ∆ should scale as hO∆ iren ∼ δλ/(δt)2∆−d , when the quench rate is fast compared to the
quench amplitude. This growth is further enhanced by a logarithmic factor in even dimensions.
This result suggests that, for ∆ > d/2, expectation values will diverge in the limit of δt → 0,
which seem to contradict previous studies of abrupt quenches. In this Thesis, we carefully
analzye the relation between the two approaches and establish restrictions to the kind of objects
that can be studied using the abrupt approximation.
Apart from the fast smooth quench, another regime of interest is the slow quench through
a critical point. In free field theories we found that adiabatic behaviour breaks down when the
system is close enough to the critical point and renormalized expectation values scale different,
following expectations from the Kibble-Zurek argument. Given any finite fixed time, we are
able to show how expectation values scale at any value of the quench duration δt.

Keywords: Quantum quenches, quantum field theories, conformal field theories, free field
theories, far-from-equilibrium physics, high energy theory, condensed matter theory, holographic correspondence, Kibble-Zurek mechanism.
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Preface
In this Thesis, I presented results related to universal behaviour of quantum field theories after
a quantum quench that came up as part of a collaboration with Prof. Sumit R. Das at University
of Kentucky and Prof. Robert C. Myers at Perimeter Institute for Theoretical Physics. The idea
behind these studies was to generalize previous results obtained in the context of holography
to more general grounds. In fact, we argue that the scaling found for smooth fast quenches is
indeed universal and valid beyond holographic theories.
The scaling found implies that for operators with scaling dimension ∆ > d/2, the expectation value for the quenched operator as well as the expectation value for the energy density
diverge in the limit in which the quench duration goes to zero. This highlights the importance
of the quench duration in the study of these far-from-equilibrium protocols and makes manifest that some of the ideas involving instantaneous quenches should be revised. In this sense,
this Thesis should be read as a bridge between high-energy and condensed-matter studies on
quantum quenches. It is an invitation for the high-energy community to go beyond holographic
studies but it is also an invitation to the condensed-matter community to go beyond the abrupt
limit. We hope to have provided at least the initial steps in these directions and that future
results will reinforce this idea of collaboration between different areas in theoretical physics
and even reach experimentalists.
This Thesis is a compilation of the articles we wrote as part of this collaboration. There are
four different articles, three of which have already been published in international journals and
one that is still to be published. But during my time as a graduate student at Western University
and the Perimeter Institute, I had the opportunity to work on other interesting projects that I
would like to briefly mention in this Preface.
The first one was entitled “Holographic Rényi entropies at finite coupling” and was written
xxvi

in collaboration with Prof. Robert C. Myers. The work was published in the Journal for High
Energy Physics and can be found in JHEP 1308 (2013) 063, http://arxiv.org/abs/arXiv:1305.7191.
We computed Rényi entropies (a one-parameter family generalization of the well-known entanglement entropy) for a spherical entangling surface in four-dimensional N = 4 super-YangMills at strong coupling using the AdS/CFT correspondence. In [1102.0440], it was shown
that the computation of entanglement entropy for a sphere in the ground state of an holographic CFT can be mapped to thermal entropy in a topological black hole whose horizon
exhibits an hyperbolic geometry. The temperature of the black hole is associated with the rank
of the Rényi entropies. In this work we computed the leading order corrections to the Rényi
entropies in inverse powers of the ’t Hooft coupling and the number of colours. In the gravity
side, this corresponds to include the leading α0 corrections to the low energy effective action.
Even though the calculation of entanglement entropies at finite coupling can be in general a
very difficult task, we used the fact that we know how to compute thermal entropies in higher
derivative theories of gravity to complete the calculation. As expected, we found that when the
rank of the Rényi entropy q goes to 1, then there are no corrections due to the known result
that the universal part of the entanglement entropy is proportional to the central charge of the
theory. We also found an interesting relation between the q → 0 limit and the free energy of the
system, finding the same correction in that limit as in the free energy case. We also computed
the leading corrections to the scaling dimensions of the twist operators.
A second project was started in collaboration with my supervisor Prof. Alex Buchel. This
one was entitled “Cascading gauge theory on dS 4 and String Theory landscape” and was published in Nucl.Phys. B883 (2014) 107-148, http://arxiv.org/abs/1310.1372. One of the ways to
construct de Sitter vacua in String Theory is to place anti-D3 branes at the tip of the conifold
in Klebanov-Strassler geometry. A local geometry of such vacua exhibit gravitational solutions with a D3 charge measured at the tip opposite to the asymptotic charge. We numerically
constructed the full solutions for anti-D3 branes that are smeared at the tip. These are gravity
duals of cascading gauge theories on dS 4 . We analysed chiral symmetry breaking in these
geometries, finding that the D3 charge is zero in the phase that spontaneously breaks the chiral
symmetry. In the unbroken phase, the charge is always positive. This presents a difficulty in
trying to uplift the AdS solution to a dS one, where the D3 charge should be negative.
xxvii

Finally, in the last year, I have been interested in the relation between entanglement and
emerging space-time, particularly after the appealing proposal by Ted Jacobson of deriving
the Einstein equation from extremizing the vacuum entanglement entropy for small spheres
[1505.04753]. Trying to check one of Jacobson’s assumptions we started a project with Prof.
Robert C. Myers and Prof. Horacio Casini from Instituto Balseiro in Bariloche, Argentina.
The results can be found in a paper called “Comments on Jacobson’s ’Entanglement equilibrium and the Einstein equation’ ”, that at this moment has only been submitted to the arXiv,
http://arxiv.org/abs/1601.00528. We analyze the holographic problem, where a scalar field in
AdS is dual to a relevant operator of dimension ∆. By choosing appropriate boundary conditions for the scalar field we can tune the field theory to be non-conformal by turning on
a coupling and an expectation value for the operator. We can then compute the variation in
entanglement entropy. It turns out that the answer depends on the scaling dimension of the
operator: for d/2 < ∆ < d, the leading contribution to the entanglement entropy is given by a
precise combination of the energy density and the trace of the stress-tensor, and even though
is not precisely the one postulated in Jacobson’s original proposal, it is still sufficient to derive
the gravity equations from there; for ∆ = d/2, there is an extra logarithmic contribution to
the entanglement entropy, whose final contribution to the Einstein equation should be carefully
analysed; and for d/2 − 1 < ∆ < d/2, the leading contribution stops being the one given by
the stress tensor. On the contrary there is a contribution given by the expectation value of the
operator squared, that will be the first contribution given that ∆ is in this regime and the size of
the ball is small enough. This poses a challenge to Jacobson’s derivation but we also discuss in
the paper different ways of circumventing the problem.
The interested reader might find it useful to also take a look at these other publications. I
hope the idea of excluding these papers from the main body of the Thesis would be the correct
one and would help to present a more coherent and concise story. But so far, the reader found
a lot about my other interests but not much about quantum quenches, so it is already time to
go into the main text. I hope you will enjoy it as much as I enjoyed researching on all these
subjects.
D.A.G.
February 7, 2016
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Chapter 1
Introduction
This Thesis is mainly devoted to the study of smooth quantum quenches and the appearance of
universal scaling properties in different regimes depending on the quench duration δt. The idea
behind a quantum quench is to follow the evolution of an isolated quantum system when one
of the couplings in the theory is modified. In a series of papers [1–4], we found several universal properties for expectation values undergoing quantum quenches. The quench protocol
is one of the few insights we have so far into far-from-equilibrium physics and thus, constitutes an interesting problem to study by itself. However, as a high energy physicist, there are
extra motivations to think about this problem that are related to string theory and the so-called
holographic or AdS/CFT correspondence [5].
It is the aim of this Introduction to give a brief overview on how the quantum quench problem appears in string theory. We will show how through the AdS/CFT correspondence, high
energy theorists can get in contact to actual experimental physics such as the quark-gluon
plasma experiments. Then, we will review some specific results on holographic quantum
quenches that serve as our specific motivation to study smooth quenches in a broader set of
quantum field theories beyond holography. As with many other important concepts in high
energy physics, quantum quenches were first discussed in the condensed matter community.
So we will then review how the concept arises in the context of ultra cold atoms experiments
and describe the instantaneous quench protocol that is widely used in the condensed matter
literature.
We will then finish this Introduction by giving an outline of the present Thesis, that is
1

2

Chapter 1. Introduction

intended to provide a bridge between the high energy and the condensed matter approach to
quantum quenches. Eventually, the universal scaling relations described in this Thesis might
become part of the list of results that were first discovered in the context of string theory but
have finally become available in experimental setups.

1.1

String theory, holography and quantum quenches

At present, our best understood knowledge of nature at its fundamental level relies on two
different frameworks: the one prescribed by General Relativity, that describes gravity; and
Quantum Mechanics, responsible for the rest of the fundamental interactions. There has been
many attempts in the last century to formulate a unifying theory of quantum gravity but so far
none of them has completely succeeded.
One of the most promising attempts is string theory [6, 7]. The idea behind it is to assume that the fundamental objects of the theory, instead of being point-like particles, are 1dimensional strings. The introduction of these extended objects is supposed to cure the usual
divergences that appear in QFT. Moreover, by quantizing the string action we obtain, in the
low energy spectrum, a massless spin-2 particle that would play the role of the graviton. Both
facts seemed very promising for a candidate to a “quantum theory of everything”. Though the
original formulation was through a bosonic string, it was possible to formulate a stable theory
with fermions by introducing supersymmetry. Apart from this, superstring theories require
spacetime to be ten-dimensional. So, if we are willing to describe our universe with strings,
we should understand what happens with the extra 6 dimensions and why we do not observe
them. The idea of compactifying these extra dimensions gave rise to the appearance of lots of
beautiful mathematical structures in String Theory but also posed a big challenge to string phenomenologists as the number of vacua that could describe our universe became exponentially
large [8].
We still do not know whether string theory is the correct theory to describe our universe or
not. However, in 1997 Juan Maldacena proposed a new conjecture [9] that opened string theory
to a whole new world of applications. The conjecture proposes a duality between certain string
theories and certain conformal field theories in lower dimensions and that is the reason why
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it is often called “holographic duality”. To be more precise, in his original paper Maldacena
proposed the duality between type IIB string theory on AdS 5 × S 5 and N = 4 super Yang-Mills
in four spacetime dimensions. The need of an AdS geometry is deeply related to the fact that
the field theory needs to be conformal so it is also well-known as AdS /CFT correspondence
or gauge/gravity duality.
Soon after the proposal, Gubser, Klebanov and Polyakov [10] and, independently, Witten [11] established precisely the meaning of the duality by proposing the equivalence of the
partition functions by what is known now as the GKPW ansatz. It was proposed that in order to
compute expectation values in the CFT side, one should evaluate the partition function in the
string theory side, with a scalar φ functioning as the source for the operator O in the boundary.
Formally,
lim Z s [φ] = lim e−S string [φ] ≡ he−

φ→φ0

φ→φ0

R
B

φ0 Ô

iCFT ,

(1.1)

where Z s is the partition function for the string theory, that is given as the exponential of the
string action S string .
The correspondence opens double-way opportunities: it becomes possible to make computations in the field theory side to learn about string theory and/or to perform analysis in string
theory to learn about conformal field theories. These possibilities are somehow enhanced by
the fact that this is also a weak/strong duality. In particular, according to the holographic dic√
tionary l s ∝ 1/ λ, where l s is the string length in units of the AdS radius and λ is the ’t
Hooft coupling for the field theory. Adding the extra limit of the gauge rank N in the gauge
theory going to infinity, then the correspondence relates a strongly-coupled conformal field
theory at large-N, with classical Einstein gravity theory in extra dimensions. Given that fact,
the AdS/CFT correspondence is now one of the only tools to make analytic predictions in
strongly-coupled theories, where the usual perturbation theory approaches are not useful.
Though the duality has now been used for many different applications, we will concentrate
here in one particular example that served as a motivation for our studies. This is the case of the
quark-gluon plasma [12, 13]. This plasma is created in experiments at RHIC in Brookheaven
National Laboratories and LHC at CERN. In these facilities, heavy-ions are accelerated to
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relativistic speeds before they collide. Rapidly after the collision, the system achieves thermal
equilibrium and forms what is known as the quark-gluon plasma. After some time, it freezes
down and goes to a hadronization phase forming the different particles that are later detected
in the detectors of the experiments. An important feature of this plasma is that it turns out to
be strongly-coupled [12, 13].

This served as an opportunity to use the holographic duality to get insight into what was
going on in real experiments. Of course, the QCD plasma does not behave exactly in the same
way as the N = 4, large-N plasma, but at finite temperature and strong coupling they should
have similar properties, at least qualitatively [14].

One of the most interesting properties that was predicted by holography is the ratio between
the shear viscosity and the entropy density of the plasma. This is the so-called η/s ratio. It was
found that this ratio in holography was universal and gave η/s = ~/(4πkB ) [15–17]. This is an
extremely small number, given that the same calculation at weak coupling diverges at leading
order in the coupling [18], so it was proposed [18] as a lower bound on the value of η/s in
existing fluids. It turned out later that it was possible to violate that bound in theories with
gravity duals with higher curvature corrections [19]. However, it was indeed measured that η/s
is small and near to the value predicted by holography in the quark-gluon plasma experiments,
probably being this the first important prediction of string theory in experimental physics [12].

The other salient aspect of the quark-gluon plasma experiment that holography could explain is the rapid thermalization rates. In fact, in holography, a thermal state in the boundary
is dual to a black hole geometry in the bulk. So the process of thermalization is dual to black
hole formation in AdS. Both analytic arguments [20] and numerical simulations in gravity [21]
suggested that the thermalization rates in the quark-gluon plasma should be extremely short.
These works made it manifest that it was possible to study very rapid changes under holography. In particular, these models simulated thermal quenches, in which the temperature of the
system changed rapidly, but also motivated the study of more general holographic quantum
quenches, in which one the couplings of the theory was changed.

1.2. Holographic dual of a quantum quench

1.2
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Holographic dual of a quantum quench

The idea is to find a gravitational dual to a system that can be described with the following
action
S = S CFT +

Z

dd x λ(t) O∆ (~x) ,

(1.2)

which is a deformation of the CFT in d spacetime dimensions. λ(t) is the coupling that we will
be quenching and we will be interested in following the evolution of the expectation value of
the relevant operator O∆ , with conformal dimension ∆.
According to the AdS/CFT dictionary [5], the dual gravitational action in d + 1 dimensions
yields
S d+1

1
=
16πG N

Z
d

d+1

!
√
(∂φ)2 m2 φ2
x −g R − 2Λ −
−
− V(φ) ,
2
2

(1.3)

where apart from the metric g and a negative cosmological constant Λ, we introduced a massive
scalar field φ that will be dual to the CFT operator O∆ . We also added a potential V(φ), that
only contains terms cubic in φ or higher order. The mass of the scalar field is related to the
conformal dimension of the boundary operator through the usual formula m2 = ∆(∆−d), where
the mass is given in units of the AdS radius [5].
This is the general setup for the holographic problem. In this Thesis, we will be generally
interested in homogeneous and isotropic solutions (in the boundary spatial directions), so we
can assume some symmetry in the ansatz for the metric. In particular, we will only allow the
metric functions to depend on time and on the holographic coordinate. In Poincaré coordinates
where the AdS metric (with unit radius) is given by
ds2AdS d+1 =

dz2 − dt2 + d~x2
,
z2

(1.4)

the bulk metric becomes
ds2 = −A(t, z)dt2 + Σ(t, z)2 d~x2 + z−4 A(t, z)−1 dz2 ,

(1.5)
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where A(t, z) and Σ(t, z) are the functions that will determine the metric solution.
The next step is to compute the equations of motion for this gravity-scalar system. This
problem was studied, for instance, in [22–24]. In general evolving the gravitational equations
for the full spacetime as a function of time can be a challenging task, that usually needs the
use of heavy computational techniques. For d = 4 that analysis was done in [23]. In addition, in [24], it was found that it was possible to reproduce the leading order scaling by doing
completely analytical computations.
Near the boundary, the scalar field will have an asymptotic expansion of the form
φ(t, z) ∼ zd−∆ (p0 (t) + O(z2 )) + zd (p2∆−d (t) + O(z2 )) ,

(1.6)

where p0 (t) is usually called the non-normalizable coefficient and will be proportional to the
coupling λ in the field theory side and the normalizable coefficient p2∆−d (t) will be proportional
to the expectation value of the operator O∆ . Then the holographic problem dual to a quantum
quench consists of specifying a profile for p0 (t) that varies as a function of t/δt, with δt the
quench duration, and then solving the gravitational equations of motion to find the response
p2∆−d (t), that will be dual to the evolution for the expectation value of the quenched operator.
Once the gravitational problem is solved, we need to go back to the field theory side to
analyze the different observables of interest. This is done by what is called the method of holographic renormalization [25–27], where counterterms are added in the form of boundary terms
in the action in order to cancel divergences in the gravitational solution. This was performed
numerically in detail in [23] and as a result they found that for fast quenches,
hO∆ iren ∼ δλ/δt2d−∆ ,

(1.7)

where δλ is the change in the coupling constant. To get that scaling analytically, in [24],
the authors argue that if the quench duration is short enough, then there is no time for scalar
field to backreact into the geometry of the bulk, so basically the solution to the problem, at
leading order, comes from just solving the Klein-Gordon equation for the scalar field in the
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AdS vacuum. For protocols of the form p0 (t) = δp(t/δt)κ , it turns out that
p2∆−d (t) =

2d−2∆ Γ(κ + 1)Γ( d+2−2∆
)
2
)
Γ(d + 1 + κ − 2∆)Γ( 2∆−d+2
2

δp/δt2∆−d (t/δt)d−2∆+κ ,

(1.8)

which again depicts the same universal scaling relation for fast quenches in the context of
holography.
Of course, this result was one of the main motivations to study fast smooth quenches in
other non-holographic settings. The fact the this scaling was universal in holography served
as an indication that it might have much broader implications. However, at this point, we
must mention that it is not at all trivial to generalize holographic results to general CFTs. In
particular, when we describe holographic theories in this context we are assuming, at least,
that the field theories are infinitely strongly coupled and that they have an infinite number of
degrees of freedom. That is what allows us to use the classical Einstein action for the present
computations. Moreover, most of the concrete known examples of holographic theories are
also supersymmetric theories. So it might well have been the case that the scaling found was
only universal for holographic theories but not valid in a more general context. A large part of
this Thesis is devoted to prove that those results are valid beyond holography.
For now, we should note an appealing property of this scaling, that will also need further
study. Assuming the scaling dimension of the operator is greater than d/2, then the expectation
value diverges as δt goes to zero. This might just have been an extra interesting fact but nothing
more than that. However, it turns out to be very important since that limit corresponds to the
instantaneous quench where the change in the coupling occurs abruptly. Those are the kind of
protocols that have been broadly studied in the condensed matter literature. In the next section
we briefly discuss the problem of the instantaneous quench.

1.3

Quantum quenches in condensed matter

The study of far-from-equilibrium extended quantum systems goes back to the early 70s [28],
where the interest was in finding the evolution of spin chains that were perturbed by some
time-dependent external source, such as a magnetic field. This was mostly done as a theoreti-
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cal exercise, since experimentalists were far from being able to simulate such situations in the
laboratories. For long, creating extended quantum systems that maintain its quantum properties
for a period long enough to test these theoretical expectations was nothing more than a dream.
The main problem was that interactions of the quantum system with the (classical) environment
made decoherence and dissipation to happen too soon making it impossible to follow the quantum evolution of the system. However, this changed in the last decade, where experimentalists
working with ultra cold atom systems managed to create quantum systems for longer periods
of time [29]. In this type of experiments, optical lattices are being created with lasers to trap
atoms in a superfluid. By quickly changing the depth of this harmonic optical potentials the
description of the system can change very fast from a hydrodynamics description to a lattice
one, where the atoms are trapped when the potential is deep enough.
This also revived the theoretical interest in far-from-equilibrium physics following the seminal paper by Cardy and Calabrese [30] where the term quench was coined. The quench process
can then be described as follows [30–32]: the system starts at t = 0 in a prepared pure state,
|ψ0 i, that is generally the ground state for some initial Hamiltonian that they call H0 ; then,
abruptly, the system changes and is now described by a new Hamiltonian H, that can be simply
H0 plus some external perturbation; now, the state evolves unitarily for t > 0 with this new
Hamiltonian. The state that was previously a simple state in terms of the old Hamiltonian, now
becomes a very non-equilibrium state in the new one.
Note that in this description the Hamiltonian changes instantaneously at t = 0, so basically
under this framework it is only possible to study the late time and large distances behaviour of
the system. Obviously, one can ask questions such as how does the system evolves, whether it
thermalizes or not and, in the case it does, to what kind of thermal state.
Defined in this way, the quench problem is basically the problem of finding the decomposition of one state, that was previously the ground state for some Hamiltonian, into eigenstates of
the new Hamiltonian. The simplest example to show how this works is just a simple harmonic
oscillator whose frequency is quenched from some ω0 to ω [32]. In this case we start at t = 0
with the ground state |Ψ0 i for the Hamiltonian
H0 = 1/2 π2 + 1/2 ω20 φ2 ,

(1.9)
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and we want to evolve it in time with the new Hamiltonian,
H = 1/2 π2 + 1/2 ω2 φ2 .

(1.10)

The solution at an arbitrary t > 0 is then simply given by
|Ψ(t)i = e−iHt |Ψ0 i =

X

e−i(n+1/2)ωt |nihn|Ψ0 i ,

(1.11)

n

where |ni are the eigenstates of the new Hamiltonian H. In a similar way, one can compute the
correlation function of φ at different times. The time ordered correlator hΨ0 |T (φ(t)φ(t0 ))|Ψ0 i ≡
C(t, t0 ), for instance, results in
ω2 − ω20
e−iω|t−t |
(ω − ω0 )2
0
0
cos
ω(t
−
t
)
+
cos
ω(t
+
t
)
+
.
4ω2 ω0
4ω2 ω0
2ω
0

C(t, t0 ) =

(1.12)

The free scalar field theory can be thought as a collection of momentum modes, each one
behaving as a simple harmonic oscillator. So, assuming a relativistic dispersion relation ω2 =
k2 + m2 , the correlator for a free field theory under a mass quench can be simply obtained by
“summing” all the contributions from the individual modes. That is,
C(t, t , r) = hΨ0 |T (φ(t,~r)φ(t , 0))|Ψ0 i =
0

0

Z

dd k i~k·~r
e C(t, t0 ) .
(2π)d

(1.13)

In Chapter 4 we will compare in detail this correlator with the one obtained by doing a
smooth quench. Of course more complex problems related to abrupt quenches can be and has
been studied, see [33] for progress reviews. But for this Introduction we just wanted to give a
flavour of the kind of computations that were done using the abrupt quench approximation and
that will be of relevance in the following Chapters of this work.

1.4

Thesis overview

The rest of the Thesis is devoted to the study of smooth quenches in quantum field theories.
In Chapter 2 we present the main result for fast smooth quantum quenches in the form of
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a short Letter [1]. Basically, we prove that the same scaling that appears for fast quenches
in holography, see eq. (1.7), is present in free field theories where we quench the mass of
the scalar/fermionic field. Moreover, we give an argument based on Conformal Perturbation
Theory to claim that the expectation value for any quenched operator should scale in a similar
fashion in any CFT. This means that if we have an operator O∆ of dimension ∆, we should
expect that after a quench characterized by a time scale δt, its renormalized expectation value
should scale as
hO∆ iren ∼ δλ/δt2∆−d ,

(1.14)

where δλ is the amplitude of the quench.
Chapter 3 first appeared as an article in the Journal of High Energy Physics [2] and presents
a detailed derivation of the general result in Chapter 2. We show how to compute the renormalized expectation values in free field theories. In particular, we show that is possible to
renormalize the expectation values by subtracting suitable counterterms that are obtained by
doing an adiabatic expansion. We uncover an interesting structure of divergences that apart
from having the expected instantaneous divergences involve time-derivatives of the coupling.
We show in detail that expectation values obey the claimed universal scaling both numerically
and analytically. Further more, the scaling is enhanced in even spacetime dimensions by a
logarithmic factor that is also carefully studied.
In that rather long Chapter, we also analyze related interesting properties such as the scaling
of the renormalized energy density, the scaling (and the construction) of higher spin currents,
the special cases of low spacetime dimensions and late time behaviour after the quench. We
also provide a more general argument and conditions under which a non-CFT should also obey
universal scaling for fast smooth quenches.
One of the interesting features of this scaling, that has already been remarked before in
this Introduction, is that, for operator of dimension ∆ > d/2, the expectation values diverge
in the limit of δt → 0. This limit should correspond to the instantaneous quench of section
1.3. In Chapter 4 we compare both approaches in detail for the scalar quench [3]. We can
compute both the instantaneous and the smooth expectation values explicitly. An important
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feature of our quenches in QFT is that even though they are fast compared to the amplitude
of the quench, they are still slow compared to the cutoff scale, that we take to infinity. So the
limit of δt → 0 implies reaching that scale. To avoid that problem, in that Chapter we also
analyze spatial correlators after the quench. The advantage of computing these objects is that
they are UV-finite and the spatial separation r gives an additional freedom to play with. We
find that when the quench duration is larger than r, then the same universal scaling appears for
the spatial correlator. However, as δt → r, the correlator saturates to an instantaneous value.
We also compared the smooth correlator to the abrupt one, finding that they usually coincide at
late times and large separations but as the separation goes to zero, depending on the spacetime
dimension, both correlators can be infinitely different. This is closely related to the fact that the
instantaneous expectation value is UV divergent for large spacetime dimensions.
Finally, in Chapter 5 we analyze the response to a quantum quench in the opposite regime,
this is, when δt is slow compared the quench amplitude [4]. The usual prediction is that the
expectation values will follow an adiabatic evolution. However, if the quench goes through the
critical point, adiabatic behaviour is broken down and a new set of universal scaling appears,
as expected from Kibble-Zurek mechanism. We study this process in three different kinds
of protocols approaching the critical point. We show both numerically and analytically that
before reaching the critical point, the expectation values scale in a Kibble-Zurek fashion and
even more, we can follow the transition from the fast quench to the slow quench, having a
full characterization of the quench process for any value of δt. We end up in Chapter 6 by
summarizing the main results of this Thesis and giving interesting perspectives for future work
on the subject.
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Chapter 2
Universal Scaling in Fast Quantum
Quenches in Conformal Field Theories
A version of this chapter has been published in S. R. Das, D. A. Galante and R. C. Myers,
“Universal scaling in fast quantum quenches in conformal field theories,” Phys. Rev. Lett. 112,
171601 (2014) doi:10.1103/PhysRevLett.112.171601 [arXiv:1401.0560 [hep-th]].

2.1

Introduction

Quantum quenches involve changing a parameter of a closed quantum system and then following its subsequent evolution. Recently, a great deal of attention has been given to the study of
such systems, mainly because they have become available in laboratory experiments [1]. An interesting class of quenches involve a critical point at either an initial, final or intermediate stage
of the quench where one expects universal signatures of the critical point in time evolution.
Examples include Kibble-Zurek scaling for quenches from an initially gapped phase [1, 2],
universal relaxation following an instantaneous quench to a critical Hamiltonian from a noncritical one [3, 4] and further scaling relations for the fidelity susceptibility in quenches with
small amplitude [5].
The study of quenches can also produce new insights for questions related to thermalization. Recently, motivated by the study of thermalization of the strongly coupled quark-gluon
plasma, gauge/gravity duality has been applied to this problem [6]. The AdS/CFT correspon16
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dence provides a useful tool to analyze these kind of processes, since it allows the possibility
of studying strongly coupled theories, to follow the real time evolution of the system and to
easily vary other parameters such as the spacetime dimension or the temperature. In recent
years, holographic methods have thrown valuable insight into issues of thermalization [6], universal Kibble-Zurek behavior in critical dynamics [7] and the dynamics of relaxation following
quench across a critical point [8].
A new set of scaling properties in the early time behaviour were found in the holographic
analysis [9, 10] of smooth but fast quantum quenches where a critical theory was deformed
by a relevant operator O∆ , with conformal dimension ∆, with a time dependent coupling λ(t).
Specifically, if δλ denotes the amplitude of the quench and δt is the time scale of the quench
duration, it was found that for fast quenches (i.e., δλ(δt)d−∆  1), the change in the (renormalized) energy density δE scales as δλ2 /δt2∆−d and the peak in the (renormalized) expectation
value hO∆ i scales as δλ/δt2∆−d . In fact, the growth in the expectation value is enhanced by an
additional logarithmic factor for even (odd) d if the ∆ is an integer (half integer). The same
scaling holds for a quench from a gapped theory to the critical theory. Note that in the limit
δt → 0, these scalings yield a physical divergence when the conformal dimension is greater
than d/2.
These divergences noted above for δt → 0 suggest that infinitely fast quenches can not be
physically realized. This conclusion is clearly at odds with the extensive studies of quenches,
e.g., [3–5], where an ‘instantaneous quench’ is introduced as the starting point of the analysis.
The relevant process in these studies is presented as an instantaneous transition from an initial
(time-independent) Hamiltonian Hi to a final (time-independent) Hamiltonian H f at some time
t0 . A significant aspect of our work is to understand why the fast limit of a smooth quench is
generally quite different from the instantaneous quenches considered in [3–5].
One might suspect that the difference appears in the holographic studies because they deal
with a special class of strongly-coupled large-N CFTs, that are clearly different from, e.g.,
the weakly coupled field theories considered in [3, 4]. However, we will argue that the scaling
results of [9,10] for fast but smooth quenches are in fact quite general. We support this claim by
demonstrating that the same scaling behaviour arises in quenches of simple free field theories.
We also argue that the same scaling appears in a broad class of quenches of CFT’s.
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2.2

Quenching a free scalar field

We begin here by analyzing mass quenches for a free scalar field φ in a general spacetime
dimension d. In particular, we consider a time-dependent mass making a smooth transition
from m at early times to zero at asymptotically late times,
m2 (t) =

m2
(1 − tanh t/δt ) ,
2

(2.1)

This profile allows an exact solution for arbitrary quench rates. In the limit, δt → 0, the profile
yields an instantaneous transition from m to zero and so allows for a direct comparison to the
results of [3, 4]. However, our analysis is guided by the holographic analysis of [9, 10]. From
this perspective, the time-dependent coupling is λ(t) = m2 (t) while the operator is O∆ = φ2
with conformal dimension ∆ = d − 2. In the fast quench limit, we will demonstrate that the
same scaling behavior discovered with holography [9, 10] appears here for the renormalized
expectation value, hO∆ iren ∼ δλ/δt2∆−d = δλ/δtd−4 . In fact, our analytic results also reveal an
additional logarithmic enhancement of this scaling for even d, which is again in agreement
with holography. Further, comparing our analysis to [3, 4], we show that our momentum-space
correlation functions reproduce the results of instantaneous quench in [4] only when the time
scale for quench is small compared to all the momenta, as well as small compared to the initial
mass. The scalar field equation, with this profile (2.1), was studied previously as an exactly
solvable example of quantum fields in a cosmological background [11, 12]. Using the explicit
mode functions [13], it is straightforward to compute the expectation value
1
hφ i ≡ hin, 0|φ |in, 0i =
2(2π)d
2

2

Z

dd−1 k
|2 F1 |2 ,
ωin

), ωin =
Here 2 F1 = 2 F1 (1 + iω− δt, iω− δt; 1 − iωin δt; 1+tanh(t/δt)
2

(2.2)

p
~k2 + m2 and ω− = (|~k| − ωin )/2.

Of course, this expectation value (2.2) contains UV divergences associated with integrating
k = |~k| → ∞. We describe the necessary counterterms to deal with these UV divergences in
detail in [13] but here, we only describe the contributions of these counterterms which render
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eq. (2.2) finite. We write the renormalized expectation value as
2

hφ iren

Ωd−2
≡
2(2π)d

Z

!
kd−2
2
dk
|2 F1 | − fct (k, m(t)) .
ωin

(2.3)

where fct (k, m(t)) designates the counterterm contribution and Ωd−2 denotes the volume of a
unit (d–2)-sphere.
The counterterm contributions are readily identified by considering slow quenches, employing an adiabatic expansion [13] and extracting the large k behavior. The final result takes
the form
fct (k, m(t)) = kd−3 −
kd−9
−
32


kd−5 2
kd−7  4
m (t) +
3m (t) + ∂2t m2 (t)
(2.4)
2
8


10m6 (t) + ∂4t m2 (t) + 10m(t)2 ∂2t m(t)2 + 5∂t m(t)2 ∂t m(t)2 + · · · .

Only the terms with kn where n ≥ −1 should be included. Hence eq. (2.4) shows all counterterm contributions needed to renormalize the expectation value (2.3) up to d = 9. We emphasize
that the adiabatic limit is used here as a convenient approach to identify the counterterm contributions. However, these same terms (2.4) still renormalize the expectation value (2.3) for
arbitrary mass profiles, including quenches with δt → 0. The physical intuition here is that
changing δt does not effect physics at the regulator scale Λ, as long as Λδt  1. As an independent check, we verified that precisely the same counterterm contributions (2.4) appear in
directly making a large k expansion in eq. (2.2).
Though the above discussion applies for a general spacetime dimension, we should distinguish between odd and even dimensions. When d is even, apart from the usual power-law
divergences, we find logarithmic divergences, i.e., eq. (2.4) contains a k−1 term. Hence, for
even d, we need to add a renormalization scale k0 in defining the renormalized expectation
value (2.3). The appearance of this scale reflects new scheme-dependent ambiguities which
can arise with time-dependent couplings [9]. Taking account of this additional complication,
we are now able to compute hφ2 iren for any dimension.
Numerically evaluating eq. (2.3) is straightforward. To evaluate the growth of the response
as δt becomes smaller quantitatively, consider a log-log plot of hφ2 iren (t = 0) as a function of
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δt, as shown in figure 2.1. The slope of a linear fit to this data is very close to d − 4, indicating
hφ2 iren (t = 0) ∝ δt−(d−4) for spacetime dimensions 9 ≥ d ≥ 3. Hence the present analysis
recovers the scaling behaviour found in holography [9, 10]. Note that for d = 4, the naive
formula suggests that hφ2 iren (t = 0) is independent of δt, but instead we found a logarithmic
scaling, which again matches the holographic results. Holography [9, 10] further suggests that
the power-law growth should be enhanced by an extra logarithmic factor for general even d.
Unfortunately, the fits to our numerical results are only sensitive to this logarithmic enhancement for d = 4, where it actually provides the leading scaling behaviour — however, see our
analytic results below. It is noteworthy that the above scaling continues to be valid for d = 3,
where we find that the expectation value scales as δt. Hence hφ2 iren (t = 0) vanishes rather than
diverging as δt → 0. This case is examined more carefully in [13].
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Figure 2.1: Expectation value hφ2 iren (t = 0) as a function of the quench times δt for spacetime
dimensions from d = 3 to d = 9. Note that in the plot, the expectation values are multiplied by
a numerical factor depending on the dimension: σ s = 2(2π)d /Ωd−2 . The slope of the linear fit
in each case is shown in the brackets beside the labels.
Expanding the hypergeometric functions in eq. (2.2) for small κ = mδt (and fixed q = kδt),
we obtain an analytic expression for the leading behaviour for the expectation value as δt → 0.
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For odd d ≥ 5,
hφ2 iren =

Ωd−2
π d−4 2
d−1
2
(−1)
∂ m (t) + O(δt−(d−6) ).
2(2π)d
2d−2 t

(2.5)

With the given mass profile (2.1), eq. (2.5) indicates that
hφ2 iren ∼ m2 /(δt)d−4

(2.6)

at leading order in the κ expansion. Of course, this expression matches the scaling of hφ2 iren
found numerically for small δt. Further, this is exactly the scaling behavior obtained in the
holographic calculations at strong coupling [9, 10]. The case of d = 3 can also be treated
separately, yielding
2

hφ iren

!
Ωd−2 π 2
1 − tanh t/δt
=
m δt log
,
2(2π)d 4
2

(2.7)

to leading order in δt.
For even d, the situation is similar but we find analytically the dependence with the renormalization scale k0 . The final result is
hφ2 iren =

Ωd−2 (−1)d/2
2
log(1/k0 δt) ∂d−4
t m (t) + · · · ,
2(2π)d 2d−3

(2.8)

where the ‘dots’ indicate terms independent of k0 . Again, this formula reproduces the scaling
behaviour originally found with holography, including an extra logarithmic enhancement, i.e.,
hφ2 iren ∼ log(1/δt)/δtd−4 .
Hence our analysis indicates that hφ2 iren diverges in the limit δt → 0 for d ≥ 4. This
divergence suggests that infinitely fast quenches are physically inconsistent, which creates a
clear tension with previous studies where an ‘instantaneous quench’ forms the starting point
of the analysis. Hence we close this section by reconciling our results above with those for the
instantaneous quenches studied in [3, 4]. To begin, consider the momentum-space correlation
function hφ(~k, t) φ(−~k, t0 )i. This is equivalent to the correlation function of a single harmonic
oscillator with a time-dependent frequency ω2 (t) = k2 + m2 (t) and the corresponding correlator
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appears in eq. (8) of [4] for an instantaneous quench. In the present framework with finite δt,
the corresponding correlator is easily calculated using the Bogoliubov coefficients between the
“in” and “out” modes for this problem [11, 12]. We find that the resulting correlation function
for the smooth quenches reproduces precisely that given in [4] for a particular δt → 0 limit,
where kδt  1, mδt  1 and δt  t, t0 [13]. Hence in this respect, the δt → 0 limit of our
smooth quenches agrees with the instantaneous quenches of [3, 4].
However, a departure between the two approaches becomes apparent when considering
correlation functions in real-space. To obtain any real-space correlator, we need to integrate the
momentum-space correlators over all momenta (up to some cutoff Λ). Hence in our approach
with finite δt, this integration will include contributions of momentum-space correlators with
kδt & 1. However, agreement with the instantaneous quench for these correlators demands that
kδt  1. Therefore, the instantaneous quench results for real-space correlators [3, 4] will not
appear as the limit of our results. However, one may still expect that both approaches will yield
the same results for certain infrared questions, e.g., late time correlators for separations large
compared to δt [13]. We should add that much of [3, 4] focuses on lower dimensions, e.g.,
d = 2, 3, where our analysis does not reveal any divergences for the free scalar in the δt → 0
limit.

2.3

Quenching a free fermionic field

Here we turn to mass quenches for a free Dirac fermion ψ in a general spacetime dimension d.
The calculations for these quenches are completely analogous to those above for the scalar field
and we only provide a sketch here, reserving the details for [13]. Applying the terminology of
the holographic studies [9, 10], the time-dependent coupling is λ(t) = m(t) while the operator
is O∆ = ψ̄ψ with conformal dimension ∆ = d − 1. Hence the scaling behavior expected from
holography [9, 10] would be hO∆ iren ∼ δλ/δt2∆−d = δλ/δtd−2 .
As for the scalar, the present fermionic quenches can be related to fermions (with constant
mass) in a time-dependent cosmological background [14]. In particular, with the mass profile
m(t) =

m
(1 − tanh t/δt ) ,
2

(2.9)
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analytic solutions for the mode functions can be found. The expectation value hψ̄ψi must again
be renormalized by subtracting various counterterm contributions, as above. The resulting
expression is easily evaluated numerically and results analogous to figure 2.1 are found [13].
In particular, the expected scaling emerges for these quenches of free fermions, i.e., hψ̄ψiren ∼
δt−(d−2) . For d = 2, the naive scaling formula no longer applies and rather a logarithmic scaling
behaviour is found. The holographic analysis [9, 10] suggests logarithmic enhancements arise
in any even d. Unfortunately, fitting our numerical results is insensitive to these additional
logarithmic factors for d ≥ 3. However, we can demonstrate their presence analytically, as will
be described in [13].

2.4

Interacting Theories

So far we showed that the early time scaling that first appeared in holographic studies of
quenches in strongly coupled theories [9, 10] also emerges for mass quenches in free field
theories. This result then suggests that this scaling applies broadly and here we formulate a
general argument for this behaviour. Let us begin with a general quantum field theory of the
form
S = S CFT +

Z

dd x λ(t) O∆ (x)

(2.10)

where O∆ is a relevant operator with ∆ < d. To describe the quenches similar to those described
above, we choose the coupling λ(t) to have the form
λ(t) = δλ h(t/δt)

(2.11)

where h(x) is a smooth function which rises from zero to 1 and then returns to zero roughly
over an interval of width ∆x ∼ 1 centered around x = 0. Hence with this protocol (2.11), the
coupling λ(t) experiences a finite pulse with an amplitude δλ in an time interval of width δt
centered around t = 0. Since the theory is critical both in the past and future, we can reliably
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calculate the expectation value of the operator using conformal perturbation theory,
Z

hO∆ (0)i = hO∆ (0)iCFT − δλ dd x h(t/δt) GR (0, x)
Z
δλ2
+
dd x h(t/δt) dd x0 h(t0 /δt) K(x, x0 , 0) + · · ·
2

(2.12)

where all the expectation values here are evaluated in the critical theory S CFT . Since we are
considering a relevant operator, the expectation value hO∆ (0)iCFT vanishes. The second term
above is the linear response with the retarded correlator
GR (0, x) = iθ(t) h [O∆ (x), O∆ (0)] iCFT .

(2.13)

Similarly, the third term involves a suitably ordered correlator of three insertions of O∆ [13].
Of course, the expression (2.12) is UV divergent and we need to add counterterms to extract
out the finite renormalized expectation value. We will assume that this renormalization can be
carried out to yield a result which only depends on the two (renormalized) parameters, δλ and
δt. Implicitly, we are assuming that the quench protocol does not lead to unconventional RG
flows, as in [15, 16].

Observe that the final result is simply expressed in terms the renormalized parameters, δλ
and δt. Since the CFT correlators are independent of both of these parameters, δt must set the
scale for the integrals appearing in eq. (2.12) and hence dimensional analysis demands that the
final result takes the form
hO∆ (0)iren = a1 δλ δtd−2∆ + a2 δλ2 δt2d−3∆ + · · ·

(2.14)

where the constants an are finite numbers. Hence we see the linear response term produces the
desired scaling δλ/δt2∆−d , but an infinite series of nonlinear contributions modify this result.
Now, we express the above series in terms of a dimensionless effective coupling
g = δλ δtd−∆ ,

(2.15)
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with which, eq. (2.14) becomes
hO∆ (0)iren = (δt)−∆ [ a1 g + a2 g2 + · · · ] .

(2.16)

Now for the fast quenches studied here, δλ is fixed while δt → 0 and therefore we are considering a limit where the effective coupling (2.15) becomes vanishingly small, i.e., g → 0 since
∆ < d. In this limit, it is precisely the first term, with the desired scaling, which dominates
the expansion in powers of g and the desired scaling will emerge for these pulsed quenches
irrespective of the details of the underlying CFT.

2.5

Conclusions

Recall that our counterterms were constructed using an adiabatic expansion. The physical intuition behind this approach is that the high momentum modes do not care if the quench is fast or
slow, as long as the quench rate is smaller than the scale of the cutoff. The quenches considered
here are fast compared to the scale of the relevant coupling, but slow compared to the scale of
the cutoff. In fact, implicitly, we take the cutoff scale Λ to infinity in renormalizing the physical
observables. Therefore we expect that the UV effects can be removed by subtracting the answer for slow quenches, which is of course the adiabatic expansion. We have explicitly shown
that this intuition is correct for free fields. The holographic calculations of [9, 10] indicate that
it also holds for these strongly coupled theories. While we do not have a proof that this is also
valid for arbitrary field theories, we believe that it is a reasonable assumption to make. It would
be interesting to check if this is indeed true by explicit calculations in interacting field theories,
e.g., in large-N vector models [17]. It would also be interesting to study the early time scaling
in quenches of systems where the cutoff Λ remains finite. It is reasonable to expect that the
scaling discussed here would appear as an approximate description when Λ  1/δt  m.
The limit of ‘infinitely fast’ quenches produces various divergences for ∆ > d/2, suggesting that these processes can not actually be realized. While these results naively appear to
contradict the analysis of ‘instantaneous’ quenches in e.g., [3–5], a more detailed examination
revealed that these are simply two different types of processes. In fact, the processes described
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in [3–5] might better be thought of as the evolution of a certain far-from-equilibrium initial
state with a fixed Hamiltonian.
To close, we showed in this Letter that both universal scaling of fast quenches and regularization of time dependent QFTs work even outside holography. It would be interesting to
further generalize these results to arbitrary CFTs using linear response theory and try to understand the concrete relation between our quenches and other studies, e.g., in the lattice or in
weakly interacting theories. We hope to report on this in the near future.

2.6

Appendix: Supplemental Material

The Klein-Gordon equation for the mass profile (2.1) is


 − m2 (t) φ = 0 ,

(2.17)

The exact analytical solutions for the mode functions are known [11, 12] with
φ=

Z



dd−1 k a~k u~k + a~† u~∗k ,

(2.18)

k

where u~k are the in-modes
1
uk = √
exp(i~k · ~x − iω+ t − iω− δt log(2 cosh t/δt))
4πωin
!
1 + tanh(t/δt)
× 2 F1 1 + iω− δt, iω− δt; 1 − iωin δt;
2
with ωin =

(2.19)

p
~k2 + m2 , ωout = |~k| and ω± = (ωout ± ωin )/2. The operators a~ above are defined to
k

annihilate the in-vacuum, a~k |in, 0i = 0. These expressions directly lead to eq. (2.2).
The adiabatic expansion leading to eq. (2.4) is performed as follows [12]. First, we choose
a WKB ansatz for the ‘adiabatic’ modes with the following form:
1
exp ~k · ~x − i
u~k = √
4πΩk (t)

Z

t

!
Ωk (t )dt
0

0

.

(2.20)

The time-dependent frequency Ωk (t) will be determined below from the scalar field equation.
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The (bare) expectation value (2.2) becomes
Ωd−2
hφ i =
2(2π)d
2

Z
dk

kd−2
.
Ωk

(2.21)

In order for these modes (2.20) to satisfy the Klein-Gordon equation (2.17) with a time varying
mass, Ωk must satisfy
Ω2k

1 ∂2t Ωk 3 ∂t Ωk
= k + m (t) −
+
2 Ωk
4 Ωk
2

2

!2
.

(2.22)

Now the adiabatic analysis is applied by solving eq. (2.22) with the assumption that timederivatives of the mass are small, i.e., ∂nt m  mn+1 . Given this solution, one can identify the
UV divergences in eq. (2.21) by expanding the integrand for large k, i.e., ∂nt m  kn+1 .
The counterterms in eq. (2.4) can also be obtained directly. First we define dimensionless parameters, κ = mδt and q = kδt, and then expand for small κ at fixed q in the series
representation of the hypergeometric functions
2 F 1 (a, b; c; z) =

∞
X
(a)n (b)n zn
n=0

(c)n

n!

,

(2.23)

where (x)n = x(x+1) · · · (x+n−1) (and (x)0 = 1) and with a, b, c, z defined as in eq. (2.19). Now
while every term in the above series has a κ2 contribution, only the first few terms contribute in
eq. (2.2) after integrating. The UV divergent terms in the integral are removed as in eq. (2.3)
by subtracting a few extra terms with definite powers of q. The coefficients of these terms
have a complicated time dependence, however, we have verified that they precisely match the
expressions in eq. (2.4) for the given mass profile (2.1).
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3.1

Introduction

In recent years, there has been a great deal of interest in studying quantum quenches [1], i.e.,
studying of the quantum evolution of an isolated system in the presence of a time-dependent
parameter in the Hamiltonian. Amongst other things, these processes are theoretically interesting as probes of two related issues: thermalization and critical points. Considering the first
of these, suppose we start with a system in its ground state. If a parameter in the Hamiltonian,
e.g., an external field, undergoes a rapid change, the system driven to some highly excited state
but one would expect that after sufficient time the system will approach a steady state which
resembles a thermal state. The question then is to understand the sense in which the final pure
state is close to a thermal state, and to understand the approach to such a state. Similar questions can be studied in a thermal quench, where the initial state is a thermal state. Of course,
these questions lie at the heart of the foundations of statistical mechanics and they are typically
difficult to investigate, especially when the system is strongly coupled. Recent experiments
with cold atom systems and heavy ion collisions are beginning to yield valuable experimental
insights into such processes, which pose both greater motivation and interesting challenges for
30
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the theoretical community.
A second class of interesting quenches are those which cross a critical point. That is,
suppose the time-dependent parameter passes through a value which would correspond to a
critical point in equilibrium. One would then expect that the subsequent evolution of the system
will carry universal signatures of the critical point. An early example of such a signal is KibbleZurek scaling [2, 3]. Suppose one starts in a gapped phase of the system, with the quench
rate slow compared to the scale set by the gap. Initially the evolution of the system would
be adiabatic. However, as the parameter approaches the critical point, the instantaneous gap
vanishes and adiabaticity is lost, producing an excited state. Kibble [2], and subsequently
Zurek [3], argued that the density of defects at late times scales as a universal power of the
quench rate with the exponent determined by the equilibrium and near-equilibrium critical
exponents. In recent years, this argument has been extended to quantum phase transitions
and the same arguments have been shown to lead to scaling of other one point functions and
correlation functions [4]. The arguments which lead to Kibble-Zurek scaling are based on
rather drastic approximations; nevertheless, there are several model systems where such scaling
appears to hold. There is no theoretical framework analogous to the renormalization group
which justifies such scaling, and strongly coupled systems remain beyond the reach of current
theoretical tools. At the other extreme, Cardy, Calabrese and Sotiriadis [5, 6] derived a set
of exact universal results for instantaneous quenches in two-dimensional field theories from a
gapped phase to a critical point, using powerful methods of boundary conformal field theory.
Yet another set of scaling relations can be derived from time-dependent perturbation theory
when the amplitude of an instantaneous quench to a critical point is small [7].
In the past few years, the AdS/CFT correspondence has been used to study both quantum
and thermal quenches in strongly coupled quantum field theories which possess a gravity dual.
In this approach, the couplings in the field theory are related to boundary conditions for the
metric and other fields in the dual gravity theory. Therefore studying a quench process reduces to solving of a set of partial differential equations with specified initial conditions and
time-dependent boundary conditions — a problem which is much easier to tackle than the
original quantum problem in a strongly coupled field theory. The dual description of thermalization becomes the collapse of an incoming shell leading to the formation of a black hole
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horizon [8–10]. One of the interesting results which emerged from these studies is that few
body correlation functions thermalize rapidly — a phenomenon which is indeed observed in
heavy ion collisions. For quenches across critical points, holographic studies point towards a
mechanism for emergence of scaling solutions in the critical region [11] and has led to novel
dynamical phases [12]. Further, progress has been made towards observing Kibble-Zurek scaling of defect densities in symmetry breaking phase transitions [13].
Recently, holographic studies also revealed a new set of scaling relations in the early time
behaviour of fast but smooth quenches in a critical theory deformed by a relevant operator O∆
with conformal dimension ∆ [14, 15]. The quenches in question involve introducing a timedependent coupling λ(t) for the latter operator. If the coupling varies by an amount δλ in a time
δt, a fast quench means
δλ (δt)d−∆  1 .

(3.1)

In this fast regime, studying quenches where the relevant coupling goes from being zero initially to δλ at late times, it was found that the change of the holographically renormalized
energy density δE scales as
δE ∼ δλ2 (δt)d−2∆ .

(3.2)

Similarly, the peak of the renormalized expectation value of the quenched operator was found
to scale as
hO∆ iren ∼ δλ (δt)d−2∆ ,

(3.3)

consistent with certain Ward identities. These same results also hold for reverse quenches
where the relevant coupling goes from δλ at early times to zero at late times. For ∆ > d/2, this
implies that δE and hO∆ i grow with the quench rate, i.e., as δt shrinks. In fact, the growth in
hO∆ i is enhanced by a logarithmic factor for even d and integer ∆ and for odd d and half-integer
∆.
Implicitly, eqs. (3.2) and (3.3) indicate that for ∆ > d/2, these quantities diverge in the
limit of an infinitely fast quench, i.e., with δt → 0. Hence these results seem to be at odds
with known results for instantaneous quenches, e.g., [5] – [7]. In these works, a parameter in
the Hamiltonian is taken to change instantaneously from one constant value to another value at
some time t0 , and the dynamics is treated in the sudden approximation. This means that in the

3.1. Introduction

33

Schroedinger picture, the state at t = t0 is treated as an initial condition for standard evolution
by the new time independent Hamiltonian. Naı̈vely, one may think that such an instantaneous
quench should correspond to the δt → 0 limit of a smooth quench but this is clearly not the
case since in the setup just described, the renormalized expectation values are certainly not
divergent.
Of course, the holographic studies [14, 15] were implicitly considering strongly coupled
quantum field theories whereas the work on instantaneous quenches typically considered free
(or weakly coupled) field theories, e.g., [5, 6], except in two space-time dimensions. Hence,
one possibility is that the new divergences appearing as δt → 0 are only a feature of the special
class of strongly coupled theories which have gravity duals. However, we recently showed that
this is not the case [16]. In fact, precisely the same scaling as in eqs. (3.2) and (3.3) was found
to be exhibited in mass quenches of free field quantum theories. Further, we argued that this
behaviour is rather generic. In the present paper, we provide more details of the calculations
presented in [16] and report several new results. We also provide a new argument that the
universal scaling in the early time response shown in eqs. (3.2) and (3.3) holds for a quench
from any constant value of the relevant coupling λ1 to any other value λ2 as long as the time
scale δt is small compared to all other physical length scales in the problem,
δt  λ1/(∆−d)
, λ1/(∆−d)
, δλ1/(∆−d)
1
2

(3.4)

In the following, we first consider free bosonic and fermionic field theories in arbitrary
dimensions, with a time-dependent mass which evolves smoothly in some time interval δt.
We consider a variety of different protocols, i.e., different profiles for m(t), which allow us
to solve the problem exactly for arbitrary δt. Hence, we are able to calculate hO∆ i for finite
δt and then examine the result in the fast regime where δλ (δt)d−∆  1. We find that the
(renormalized) expectation value indeed obeys the universal scaling law (3.3), originally found
in the holographic models studied in [14, 15].
Our analysis clearly exposes the difference between fast but smooth quenches arising in the
limit δt → 0, and instantaneous quenches where one works with the sudden approximation.
Since we are considering a quantum field theory, the quench rate 1/δt and the quench amplitude
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m (e.g., the initial mass for the quenches studied in section 3.2.2) are not the only scales in the
problem. There is, in addition, the UV (momentum space) cutoff Λ. Implicitly, our fast quench
limit involves a quench rate which is large compared to the initial mass but still small compared
to cutoff, i.e.,
Λ  1/δt  m .

(3.5)

Although the quench rate never appears in the discussion of instantaneous quenches, they can
be considered as having 1/δt ∼ Λ. However, local quantities like hO∆ i receive contributions
from all scales, and are therefore sensitive to whether or not the quench rate is comparable to the
cutoff scale. Indeed we show explicitly that the correlation functions of individual momentum
modes for fast and smooth quenches reduce to those in the instantaneous quenches (as reported
in [5, 6]) only when the quench rate is large compared to the momenta — hence matching
local quantities would require rates comparable to the cutoff scale. The regime of our interest
is quite distinct from the latter and arguably more physical. Nevertheless, we expect that for
certain quantities, e.g., correlation functions at finite distances, the results for both types of
quenches will agree when the distance is large compared to δt since one expects that only
small momenta contribute to the result. Our calculations, which are contained in a forthcoming
publication [17], show that this is indeed the case. We expect a similar result for other quantities
which are not UV sensitive. Similarly, one might expect that the results of smooth fast quench
should agree with those of instantaneous quench at late times, t  δt. For free fields we will
find that the late time behavior indeed agrees for d = 3. However, in higher dimensions the late
time results for smooth and instantaneous quenches differ [17]. While we trace the technical
origin of the difference, we can not provide any good physical intuition as to why this should
be the case.
A key ingredient in our work1 is the renormalization of the underlying quantum field theory.
The bare quantity hO∆ i is, of course, UV divergent and we need to add suitable counterterms
to extract physical quantities at resolutions much coarser than the cutoff scale. Our problem is
quite similar in spirit to quantum field theories in curved space-times, e.g., see [18–20]. In that
case, the required counterterms involve operators made out of quantum fields, as well as curva1

The same is true of the corresponding holographic studies [14, 15].
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ture tensors of the background space-time. Further, in this context, diffeomorphism invariance
provides an important guide restricting the form of the counterterms, which may appear. In
the present case with a time-dependent mass, we find that we need to add counterterms which
involve time derivatives of the mass function, in higher dimensions (d ≥ 6) where stronger divergences appear. Further, the underlying theory is invariant under coordinate transformations
if we treat the mass as a background scalar field. Hence diffeomorphism invariance is again a
useful guide in restricting the form of the required counterterms.
However, we are still left with the problem of determining the precise coefficients of the
counterterms which render the renormalized observables finite. We find that these coefficients
can be determined by examining the quenches in an adiabatic limit.2 That is, the counterterm
coefficients determined for an adiabatic quench still remove all of the UV divergences in hO∆ i
for fast (but smooth) quenches. We argue that this result can be anticipated as follows: in
renormalizing the theory, we are always considering quench rates 1/δt which are much smaller
than the UV cutoff Λ. In this situation, we expect the high momentum modes, near the cutoff
scale, do not care if the quench rate is large or small compared to the mass. Hence any UV
divergences should be the same in fast quenches with 1/(δt)  m and in adiabatic quenches
where 1/δt  m. Of course, the latter adiabatic limit is relatively straightforward to analyze
since one is performing an expansion in derivatives with respect to time.
It is worthwhile emphasizing that the cutoff which we use in our calculations is on the
spatial momenta. If the microscopic theory were to live on a lattice, we would think of a
Hamiltonian lattice theory with continuous time and a spatial lattice. The renormalization
procedure described above means that we only need to adjust a finite number of parameters in
the microscopic theory to get finite results for composite operators like the energy density.
To conclude the introduction, we outline our key results and provide their locations throughout the paper.

1. We show in detail that the adiabatic expansion provides the correct counterterms which
renormalize one point functions for free bosonic and fermionic theories for time-dependent
2

Note that similar calculations appear in the context of inflationary cosmology where it was found that the
leading adiabatic contribution is sufficient to cancel the UV divergence [24]. These calculations are, of course, in
d = 4 where counterterms with time derivatives are not required.
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masses. The bosonic case is discussed in section 3.2.1 while the fermionic case is contained in section 3.3.

2. We obtain numerical results for the renormalized one-point function of the mass operator
and therefore of the energy production as well. In the limit of fast quenches (3.1), our
results clearly display the scaling behavior shown in eqs. (3.2) and (3.3). We also find
explicit analytic expressions for the leading order response at early times, which again
confirm this scaling. The bosonic case is described in sections 3.2.2, 3.2.3 and 3.2.4
while the fermionic case is contained in Section 3.3.
3. In section 3.2.2.6 (and appendix 3.6), we construct higher spin currents for free massive
scalars. We argue that these also obey a set of universal scaling relations. The latter is
explicitly shown for the spin-2 and spin-4 currents.
4. In section 3.2.6, we briefly discuss the relationship between fast smooth quenches and
instantaneous quenches. We explain why the response is clearly different for these two
protocols: this stems from the fact that the renormalized quantity deals with quench
rates which are fast compared to the physical mass scale, while instantaneous quenches
involve quench rates fast compared to all scales, including the UV cutoff scale. The
comparison between the fast smooth quenches and the instantaneous quenches will be
discussed in much greater detail in [17].
5. In section 3.2.7, we compare the late-time response (i.e., t  δt) of a smooth fast quench
with that of an abrupt quench for free bosonic field theory. In particular, we explicitly
show that for d = 3, that the response is independent of δt at late times and leads to a
logarithmic growth of hφ2 i with time, in exact agreement with the abrupt quench result.
For d = 5, we show once again that at late times, the δt → 0 limit is smooth.
6. In section 3.4, we argue that the universal scaling discussed in this paper is a property of
any quantum field theory whose UV limit is a conformal field theory, e.g., a conformal
field theory in any number of dimensions deformed by a relevant operator. For quenches
which take the system from any nonzero value of the corresponding coupling to some
other value of the coupling this universal scaling holds for early time response — so long
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as the time scale of quench is the smallest physical scale in the problem, as in eq. (3.4).
The scaling is purely a property of the UV conformal field theory.

3.2

Quenching a free scalar field

We start by analyzing mass quenches for the simple case of a free scalar field φ in d spacetime
dimensions, i.e., d − 1 spatial dimensions. In particular, we focus on varying the mass with the
following profile:
m2 (t) = m2 (A + B tanh(t/δt)) .

(3.6)

Hence the mass goes smoothly from the value m2 (A − B) in the infinite past to m2 (A + B) in
the infinite future but the transition occurs essentially in a time period of duration δt centered
around t = 0.3 While much of our discussion does not depend on specific values of A and B,
we will begin with a discussion of the case A = −B = 1/2, with which the theory is massive
with mass m2 in the past and becomes massless in the future.4 As we will show that the scaling
behaviour in eqs. (3.2) and (3.3) is recovered with this particular choice.
In section 3.2.3, we also examine quenches with the mass profile
m2 (t) = m2 sech2 (t/δt)

(3.7)

where the mass vanishes both the infinite past and the infinite future. We again find that the
renormalized expectation values show the same scaling as in eqs. (3.2) and (3.3).
Finally in section 3.2.4 we show that the analysis easily extends to general A and B and we
again find the same scaling as long as the coefficients satisfy
δ(m2 ) δt2 = |m2 (−∞) − m2 (+∞)| δt2 = 2|B|m2 δt2  1 ,
3

(3.8)

Note that here and throughout the paper, we are only considering global quenches. That is, the mass is only
a function of time and varies in the same way throughout all of the spatial directions.
4
With this choice and taking the limit δt → 0, we will be able to compare our results directly to the previous
results for instantaneous quenches in [5, 6] . We might also comment that a ‘tanh’ profile similar to eq. (3.6)
appeared in the holographic studies of [14].
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in accord with eq. (3.1), and also
m2 (−∞) + m2 (+∞) 2
δt = A m2 δt2  1 .
2

(3.9)

The particular protocols or mass profiles in eqs. (3.6) and (3.7) were chosen because they
allow us to completely solve the corresponding quantum field theory. That is, the mode functions for the scalar field can be written in closed form, as we will show below. In fact, for the
profile (3.6), we can use results first derived in studying quantum fields propagating in curved
spacetimes [18, 19]. Specifically, in that case, scalar field was examined in an expanding flat
Freedman-Robertson-Walker cosmology, which corresponds to a conformally flat geometry
described by metric
ds2 = a2 (t) (−dt2 + d~x2 ) .

(3.10)

A (minimally coupled) free massive scalar field φ, with a constant mass m, propagating in this
cosmological background obeys the equation of motion
( − m2 a2 (t)) φ = 0 ,

(3.11)

where  denotes the ordinary flat space d’Alembertian. That is, the scalar field equation in this
curved geometry is identical to that of a scalar field in flat space but with a time-varying mass
m2 (t) = m2 a2 (t). Further, it was noted in [18, 19], that with a2 (t) = (A + B tanh t/δt), i.e., with
the mass profile (3.6), the corresponding mode functions are given in terms of hypergeometric
functions. Hence we may use these results but now interpret the theory as a scalar field undergoing a mass quench. It is also important to mention that with these closed form solutions, we
are able to study the behaviour of the theory for arbitrary quenches rates 1/δt and hence we
can take the limit δt → 0 to approach an instantaneous quench.
Let us begin with analyzing the theory with the mass profile (3.6). We start by decomposing
our field in mode functions
φ=

Z


dd−1 k 
† ∗
a
u
+
a
u
,
~
~
k
k
~
~k k
(2π)(d−1)/2

where [a~k , a~†0 ] = δd−1 (~k − ~k0 ) .
k

(3.12)
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As a boundary condition, we will choose the u~k to be the in-modes which behave as plane
waves in the infinite past. Similarly there will be a corresponding set of out-modes which
become plane waves in the infinite future. The operators a~k above are then defined to annihilate
the in-vacuum, i.e., a~k |in, 0i = 0. Exact solutions for these in-modes are [18, 19]
u~k =

1
exp(i~k · ~x − iω+ t − iω− δt log(2 cosh t/δt)) ×
√
2ωin
!
1 + tanh(t/δt)
,
2 F 1 1 + iω− δt, iω− δt; 1 − iωin δt;
2

(3.13)

where 2 F1 is the usual hypergeometric function and
q
~k2 + m2 (A − B) ,
=
q
~k2 + m2 (A + B) ,
=

ωin
ωout

(3.14)

ω± = (ωout ± ωin )/2 .

3.2.1

Regularization and Renormalization

The quantities we are interested in involve a sum over all modes and are typically UV divergent
and need to be renormalized by adding suitable counterterms. In this subsection we show how
this can be done. The discussion is valid for generic m(t) - in fact we will find the counterterm
in terms of the function m(t) and its derivatives. However it is useful to begin the discussion
with the mass profile (3.6).
First focus on the case where A = −B = 1/2, in which case we have ωin =

p
~k2 + m2 and

ωout = |~k|. Now we adopt the perspective presented in the holographic analysis of [14,15] in the
following. In particular, we think of the scalar field theory as a CFT deformed by the operator
O∆ ∼ φ2 , with conformal dimension ∆ = d − 2. Further, the quenches are made by varying the
corresponding coupling in time, i.e., λ(t) = m2 (t). Our first calculation will be to determine the
expectation value of hφ2 i, which is straightforward given the mode decomposition above
1
hφ i ≡ hin, 0|φ |in, 0i =
2(2π)d−1
2

2

Z

dd−1 k
|2 F1 |2 .
ωin

(3.15)
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Of course, this expectation value (3.15) contains UV divergences associated with the inte-

gration of k = |~k| → ∞. The standard approach to deal with these UV divergences is to add
suitable counterterms involving the time-dependent mass to the effective action, as in the holographic renormalization of [14]. We turn to the determination of the counterterms in section
3.2.1.3. However, as described in [16], it is straightforward to find the counterterms which render the expectation value (3.15) finite. Hence let us write the renormalized expectation value
as
2

hφ iren

Ωd−2
≡
2(2π)d−1

Z

!
kd−2
2
dk
|2 F1 | − fct (k, m(t)) .
ωin

(3.16)

where fct (k, m(t)) designates the counterterm contribution and Ωd−2 denotes the angular volume
of a unit (d–2)-dimensional sphere, i.e.,
Ωd−2

2 π(d−1)/2
.
≡
Γ ((d − 1)/2)

(3.17)

As a first attempt to evaluate fct (k, m(t)), we might naı̈vely think that the counterterm contributions needed to regulate hφ2 i are those related to the divergences in the constant mass case.
That is, with a constant mass, we can identify the UV divergences by expanding
Z
Ωd−2
kd−2
hφ i =
dk
√
2(2π)d−1
k2 + m2
!
Z
m2 3m4 5m6
Ωd−2
d−3
8 8
dk k
1− 2 + 4 −
=
+ O(m /k ) .
2(2π)d−1
2k
8k
16k6
2

(3.18)

With the simple substitution m2 → m2 (t), we might then conjecture that eq. (3.16) becomes
finite with
fct (k, m(t)) = k

d−3

!
m(t)2 3m(t)4 5m(t)6
8 8
+
−
+ O(m(t) /k ) ,
1−
2k2
8k4
16k6

(3.19)

where we would only include the terms proportional kn with n ≥ −1. As we will see below, this
conjecture is only correct for d ≤ 5. For higher spacetime dimensions (i.e., d ≥ 6 in the scalar
case), new counterterms involving time derivatives of the mass are allowed by dimensional
counting. For example, in d = 6, the term proportional to m(t)4 /k is associated with a logarithmic divergence in hφ2 i. However, by dimensional analysis, fct (k, m(t)) could also contain a
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term of the form ∂2t m(t)2 /k, which might cancel a new logarithmic divergence proportional to
∂2t m(t)2 in d = 6. Of course, in the case of a constant mass (3.18), no such divergence appears
but in the present case of a mass quench, a new UV divergence of this form will be found. As
we go to higher and higher dimensions, the set of dimensionally allowed terms involving time
derivatives of the mass quickly grows and in fact, the corresponding divergences (generically)
do appear, as we will see below. However, let us note that the same dimensional arguments
would have identified a potential contribution of the form ∂t m(t)2 /k in d = 5 but no corresponding divergence is found. Hence this makes evident that these terms are subject to constraints
beyond simple dimensional analysis. In particular, we will show that this single-derivative
contribution can be ruled out by diffeomorphism invariance.
Finally, let us comment that in holographic calculations [14, 15], these kind of terms naturally appear since couplings are not just constants but boundary values of spacetime-dependent
bulk fields. Holographic renormalization then requires introducing counterterms in the gravitational action constructed out of derivatives of the boundary values.

3.2.1.1

Regulating the theory using an adiabatic expansion

An elegant way to find the necessary counterterm contributions is to look at the divergences
appearing in eq. (3.15) for an adiabatic quench, i.e., an infinitely slow quench. In that way,
one can organize all contributions with an adiabatic expansion and exactly find the divergent
pieces. The discussion below is for a general function m(t).
The adiabatic expansion is an expansion in time derivatives, more precisely in powers of
∂nt m/mn+1  1. These ratios are, of course, small if the time variation of the mass is infinitely
slow. In a generic quantum mechanical system, this expansion is achieved by expanding the
state as a linear superposition of instantaneous eigenstates and solving the resulting differential
equations for the coefficients in a derivative expansion. For a free field theory, the procedure is
easier — one can obtain mode solutions of the equations of motion for each momentum mode,
d2 u~k
+ (k2 + m2 (t)) u~k = 0 ,
2
dt

(3.20)

in a WKB type approximation. That is, we wish to find solutions of this equation which are of
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the form
1
exp i ~k · ~x − i
u~k = √
2 Ωk (t)

Z

t

!
Ωk (t )dt
0

0

.

(3.21)

Demanding that this ansatz solves eq. (3.20) requires that Ωk satisfies
Ω2k

=

ω2k

1 ∂2t Ωk 3 ∂t Ωk
−
+
2 Ωk
4 Ωk

!2
,

with ω2k = k2 + m2 (t) .

(3.22)

The adiabatic expansion is then obtained in eq. (3.22) by expanding the solution as
(1)
(2)
Ωk = Ω(0)
k + Ωk + Ωk + · · · ,

(3.23)

th
where Ω(n)
k is n order in time derivatives. We can now substitute this expansion into eq. (3.22)

and solve it order by order. The first two orders are trivial, yielding
Ω(0)
= ωk ,
k

(3.24)

(1)
2Ω(0)
= 0,
k Ωk

where the latter yields Ω(1)
k = 0. The next two orders produce
!
 (1) 2
1 ω̈k 3ω̇2k
(0) (2)
−
Ωk + 2Ωk Ωk = −
,
2 ωk 2ω2k

(3.25)

(2)
(3) (1)
2Ω(1)
= 0,
k Ωk + 2Ωk Ωk

which are solved by
Ω(2)
k

1 ω̈k 3ω̇2k
−
=−
4ωk ωk 2ω2k

!
and

Ω(3)
k = 0.

(3.26)

Again substituting these results into eq. (3.22), we find the next order equation


...
4
2
2 2
2
3 ....
ω
 (2) 2
−36
ω̇
+
48ω
ω̇
ω̈
−
6ω
ω̈
−
10ω
ω̇
ω
+
ω
k
k
k
k
k
k
k
k
k
k
k
(3)
(0) (4)
Ωk +2Ω(1)
, (3.27)
k Ωk +2Ωk Ωk =
8ω6k
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which gives
Ω(4)
k

=

....
...
−297ω̇4k + 396ωk ω̇2k ω̈k − 52ω2k ω̈2k − 80ω2k ω̇k ωk + 8ω3k ω k
128ω7k

.

(3.28)

As we will see, it is enough to expand up to this order to get all the necessary counterterm
contributions to regulate present theories up to d = 9. Now, we want to extract the large-k
behaviour of

Ωd−2
hφ i =
2(2π)d−1
2

Z

kd−2
dk
,
Ωk

(3.29)

and so we will need to expand 1/Ωk for large k, as well as in time-derivatives. Using ω2k =
k2 + m2 (t), we find
"
1
1
m2 (t) 3m4 (t) 5m6 (t)
'
1−
+
−
+ ···
Ωk
k
2k2
8k4
16k6

∂2 m2 (t)
5 
2
2
2
2 2
(∂
m
(t))
+
2m
(t)∂
m
(t)
+ ···
+ t 4 −
t
t
8k
32k6#
∂4 m2 (t)
− t 6 + ··· ,
32k

(3.30)

where each line in the last expression corresponds to a particular order in time derivatives, e.g.,
the first line is zeroth order; the second line, second order; etcetera. The ellipsis at the end of
each line indicates terms that are higher order in 1/k, i.e., 1/k8 and higher. Multiplying by kd−2 ,
those are all the divergent terms in spacetime dimensions less or equal to d = 9. We can see
that the first line corresponds to the terms discussed in eq. (3.18). But this is only the zerothorder adiabatic approximation and there are additional divergent terms at higher orders in the
expansion in time derivatives.5 Of course, the results match those reported in [16], where we
found
fct (k, m(t)) = kd−3 −
−

kd−9
32


kd−5 2
kd−7  4
m (t) +
3m (t) + ∂2t m2 (t)
(3.31)
2
8


10m6 (t) + ∂4t m2 (t) + 10m2 (t) ∂2t m2 (t) + 5∂t m2 (t) ∂t m2 (t) + · · · .

For a fixed spacetime dimension d, we would only keep the terms up to the power k−1 and drop
5

We might also note here that all of the terms appearing in this expansion involve an even number of time
derivatives.
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any terms with more negative powers of k. Again, the contributions explicitly written above
are sufficient to regulate theories up to and including d = 9.
The above discussion applies for a general space-time dimensions, however, we should
distinguish between odd and even dimensions. For odd d, all of the powers of k appearing
in eq. (3.31) are even (or zero) and fct essentially subtracts a series of power-law divergences
Λn , where Λ is the UV cutoff scale. When d is even, the powers of k are now odd, and
similar power-law divergences are appearing for the positive powers of k. However, apart
from these divergences, we may also find a logarithmic divergence when eq. (3.31) contains
a 1/k term. If we considered this term alone, the k integral in eq. (3.16) is divergent both
in the UV and in the IR. Hence, we also need to introduce a lower bound µi for each such
integral, which then yields log(Λ/µi ). Hence we see this amounts to introducing an extra
renormalization scale in defining the renormalized expectation value (3.16) for even d. The
appearance of these new scales reflects certain scheme-dependent ambiguities in defining the
renormalized theory, and in particular, as observed in previous holographic studies [14], new
ambiguities can arise with time-dependent couplings. Of course, the potential Λ divergences
are all eliminated in eq. (3.16) and we take the limit Λ → ∞ in evaluating the renormalized
expectation value. Hence in the final result, an infrared scale must replace the UV cutoff in the
logarithmic dependence on the renormalization scale, e.g., log(δt µi ) — see sections 3.2.2 and
3.2.2.2 for further discussion.
With the subscript on µi , we are emphasizing that in principle one can introduce a separate
renormalization scale for each such integral corresponding to a separate counterterm. For
example, with d = 6 in eq. (3.31), there can be a separate renormalization scale associated
with the integrals proportional to m4 (t) and ∂2t m2 (t), since they correspond to contributions
coming from distinct counterterms — see section 3.2.1.3 for further discussion. However, in
our explicit calculations in the following, we will set all of these scales to be equal, i.e., µi = µ.
The effect in the computation is to divide the integral in the expectation value (3.16) into two
parts. The first, from k = 0 to k = µ does not include the 1/k contribution in fct while in the
second, from k = µ to k = ∞, we use the full expression for fct including the 1/k term.
Now we claim that the large-k terms appearing in the adiabatic expansion provide the correct counterterm contributions to regulate hφ2 i for general quenches. This claim may seem
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surprising since the adiabatic expansion should be only valid for slow quenches. However, one
can easily verify numerically that with eq. (3.31), the renormalized expectation value (3.16)
is finite, e.g., with the mass profile (3.6) even outside of the adiabatic regime. The point is
that we are considering a quench rate 1/δt which is always slow compared to the UV cutoff
scale, though it may be fast compared to m, e.g., as described by eq. (3.5). The condition
for validity of the adiabatic expansion is ω̇k  ω2k . For this condition to hold for all k, we
must have m δt  1. However, for high momenta k  m, this condition still holds as long as
k δt  (m/k)2 , which is always satisfied for sufficiently large k. Hence the fact that we are interested in studying fast quenches where m δt  1 does not matter for the very high momentum
modes, whose contributions are producing the UV divergences. This explains why the adiabatic expansion provides a consistent and convenient framework to find the divergent pieces of
the expectation value. In fact, the counterterms are universal and, in particular, independent of
the rate at which the mass varies.
3.2.1.2

Explicit verification for tanh profile

We now show explicitly that eq. (3.31) provides the correct counterterm contributions for general quenches, we return to the tanh profile in eq. (3.6) with A = −B = 1/2. Recall that in
this case, the bare expectation value is given in eq. (3.15) where the details of hypergeometric
functions appear in eqs. (3.13) and (3.14). Now we proceed to expand these hypergeometric
functions for large momentum. In the series representation, the hypergeometric function is
defined as
2 F 1 (a, b; c; z)

=

∞
X
(a)n (b)n zn
n=0

(c)n

n!

,

(3.32)

where (x)n ≡ x(x + 1) · · · (x + n − 1) and (x)0 = 1. Further a, b, c, z are given in eq. (3.13). In
particular, we recall that the argument z is given by
z=

1
(1 + tanh(t/δt) ) ,
2

(3.33)

This variable is the same regardless the choice of A and B. Now we can expand ωin and ω− for
large k and see how the first few terms of this series behave. Then we have to take the absolute
value squared to get the counterterms for the expectation value of eq (3.15). By checking the
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behaviour of the series, it can be verified that each successive term begins with a lower power
of k. Hence in order to get all the divergent terms up to d = 9, it is sufficient to work with only
the first five terms in eq. (3.32).
Focusing again on the mass profile (3.6) with A = −B = 1/2 and expanding these terms for
large k, we find


kd−2
1
|2 F1 |2 = kd−3 + kd−5 −m2 + m2 z +
ωin
2
!
1 d−7
4m2 z 12m2 z2 8m2 z3
4
4
4 2
+ k
3m − 6m z + 3m z −
+
−
+
8
δt2
δt2
δt2

1
+ kd−9 − 5m6 + 15m6 z − 15m6 z2 + 5m6 z3 +
16
8m2 z 120m2 z2 400m2 z3 480m2 z4 192m2 z5
−
+
−
+
+
δt4
δt4
δt4
δt4 !
δt4
20m4 z 90m4 z2 120m4 z3 50m4 z4
−
+
−
+ O(kd−11 )
δt2
δt2
δt2
δt2

(3.34)

At first sight this expression does not look similar to eq. (3.31), but we will now show that they
are both actually the same. To start with, we should notice that we can write m2 (t) as a function
of z as m2 (t) = m2 (1 − z). Then, for instance the kd−5 term in eq. (3.34) is just −m2 (t)/2,
matching the corresponding term in eq. (3.31). The same happens with all the terms that are
independent of the value of δt; i.e., they give m4 (t) and m6 (t), as they should. The appearance of
terms which are inversely proportional to δt reflects the appearance of time-derivatives in those
terms. In fact, we can use trigonometric identities to express derivatives of the mass in terms
of powers of the same mass function. This is because derivatives of the hyperbolic tangent are
formed by terms proportional to tanh and sech. For instance, the first derivative of m2 (t) gives
2

∂t m2 (t) = − 21 mδt sech2 (t/δt) and the second derivative, ∂2t m2 (t) =

m2
sech2 (t/δt) tanh(t/δt).
δt2

But

now using trigonometric identities, we can write sech in terms of tanh: sech2 (x) = 1 − tanh2 (x).
Moreover, tanh(t/δt) = 2z − 1, so we can express every derivative just in powers of z. The
second derivative will give, for example, ∂2t m2 (t) =

4m2
z(1
δt2

− 3z + 2z2 ) and up to an extra

minus sign, this expression matches exactly the last three terms appearing in the kd−7 term of
eq. (3.34). In the same way, we can translate all the terms of eq. (3.34) to match the universal
form that we found in eq. (3.31).
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We emphasize that the above calculations are valid for any value of δt and hence this
verifies that a single set of counterterms can be chosen to regulate hφ2 i independent of the
quench rate. In particular, the same counterterms should be valid in the limit δt → 0. We
have also performed the same calculations with expanding the hypergeometric function for
the reverse quench and found the same counterterms, now as functions of the new m2 (t) =
m2
(1
2

+ tanh(t/δt)). We will also see that for a pulsed quench (3.7), as studied in section 3.2.3,

the same counterterm contributions (3.31) again regulate the expectation value for any value
of δt. Hence all of these examples provide a verification of our claim that studying an adiabatic quench is sufficient to determine the correct counterterm contributions to regulate hφ2 i
for general quenches.

3.2.1.3

Counterterms in the path integral

Up to this point, we have been interested in finding the necessary contributions which render eq. (3.15) finite and allow us to calculate the renormalized expectation value in eq. (3.16).
However, we may also be interested in computing other observables, e.g., the expectation value
of the energy-stress tensor — see section 3.2.2.4. Of course, expectation values of other operators will again generally be UV-divergent and also need regularization. The point we would
like to emphasize in this section is that all such divergences should be eliminated by a common set of counterterms regulating the effective action or partition function. Once we have the
regulated partition function, we can find the renormalized expectation value of the operators of
interest by taking functional derivatives with respect to the appropriate sources. Suppose the
path integral is regulated by a UV cutoff Λ, then we have
Z(m , gµν ) =

Z

2

h
i
[Dφ]Λ exp −iS 0 (φ, m2 , gµν ) − iS ct (m2 , gµν , Λ)

(3.35)

which includes the free field action
1
S 0 (φ, m , gµν ) = −
2
2

Z

i
√ h
dd x −g gµν ∂µ φ∂ν φ + m2 φ2

(3.36)
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and the counterterm action6
S ct (m , gµν , Λ) = −

Z

2

√ h
dd x −g s00 Λd + s10 m2 Λd−2 + s20 m4 Λd−4

(3.37)

+(s30 m6 + s31 m2 m2 )Λd−6 + (s40 m8 + s41 m4 m2 + s42 m2 2 m2 )Λd−8 + · · ·
h
+R s50 Λd−2 + s51 m2 Λd−4 + (s52 m4 + s53 m2 )Λd−6 +
i
i
+(s54 m6 + s55 (∂m2 )2 + s56 m2 m2 + s57 2 m2 )Λd−8 + · · · + · · · ,
where R is the Ricci scalar of the metric gµν and si j are finite numbers. Of course, for a fixed
dimension d, we only retain the terms above with positive powers of Λ and in cases, where the
naı̈ve power is zero, it should be replaced by a logarithmic divergence log(Λ/µ) — as discussed
in the previous section. Now the expectation values of the ‘mass operator’ and the stress tensor
are given by
#
1
δ
= −2i √
log Z
,
−g δm2
gµν =ηµν ; Λ→∞
"
#
δ
1
log Z
.
= −2i √
−g δgµν
gµν =ηµν ; Λ→∞
"

2

hφ iren
hT µν iren

(3.38)
(3.39)

Again we have explicitly shown all of the possible counterterms in eq. (3.37) which would be
needed to regulate these two expectation values up to d = 9.
Now several comments are in order: First we have introduced a background curved space
metric in the partition function (3.35), even though we are evaluating the final expectation
values in flat space. This is, of course, because the metric serves as the source of the stress
tensor as in eq. (3.39). Further, in this vein, we have included counterterms linear in Ricci scalar
in eq. (3.37) since even though these terms vanish in flat space, their variation still contributes
to regulating the expectation value of the stress tensor in eq. (3.39). Of course, these terms are
not needed to evaluate hφ2 iren in eq. (3.38). We have ignored terms involving higher powers of
the Ricci Scalar since they do not contribute to the two one-point functions in eqs. (3.38) and
(3.39). Further we have dropped any total derivative terms in the counterterm action, as well
as terms that can be related to those appearing in eq. (3.37) by using integration by parts and
6

Note that because we are considering a free field theory, all of the counterterms are pure c-numbers.
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1
2
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∇ν R. As a result, we were able to eliminate any counterterms linear in

the Ricci tensor.
Implicitly above, we are treating the mass-squared as a background scalar field which is a
function of all of the spacetime coordinates, i.e., m2 = m2 (xµ ). For example, this assumption
is evident in eq. (3.39) where the variation yields the expectation value of the local operator
operator φ2 (xµ ). Now if the path integral (3.35) is performed with a covariant action, the
counterterm action, as well as the entire partition function, will be diffeomorphism invariant,
as assumed with the presentation in eq. (3.37). In particular, the derivatives of the mass only
appear there as powers of the covariant d’Alembertian operator.7 Of course, in applying this
counterterm action to study (global) mass quenches, we only consider the mass to be a function
of time but the structure revealed here readily explains why all of the counterterm contributions
in eq. (3.31) have an even number of time derivatives. We might also comment that in the
curved background geometry we have
2
1 ∂ √
µν ∂m
m = √
−g g
∂xν
−g ∂xµ

!

2

(3.40)

and hence these derivative terms also contribute nontrivially to regulating the stress tensor in
eq. (3.39).
Let us observe that there are four terms at order kd−9 in eq. (3.31) but only three corresponding counterterms at order Λd−8 in eq. (3.37). Hence the four counterterm contributions
are not all independent. In fact, it is straightforward to show that for a time-dependent mass,
the variation of the counterterm with s41 m4 m2 is proportional to s41 (2m2 ∂2t m2 + ∂t m2 ∂t m2 ),
which has precisely the ratio of coefficients with which these two terms appear in eq. (3.31).
In fact, by carefully comparing eqs. (3.31) and (3.37), we can identify the coefficients:
1
,
2(d − 2)σ s
1
s30 = −
,
16(d − 6)σ s
5
s40 =
,
128(d − 8)σ s
s10 = −

1
,
8(d − 4)σ s
1
s31 = −
,
32(d − 6)σ s
5
s41 =
,
128(d − 8)σ s

s20 =

(3.41)
s42 =

1
.
128(d − 8)σ s

Again, integration by parts was used to reduce certain covariant counterterms to this form, e.g., (∂m2 )2 =
g ∂µ m2 ∂ν m2 ∼ −m2 m2 .
7

µν
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where
σs ≡

2(2π)d−1
.
Ωd−2

(3.42)

In principle, the adiabatic expansion in the last subsection could also be used to find the remaining coefficients in eq. (3.37), which would be needed to regulate the expectation value of
the stress tensor (3.39) — in dimensions up to d = 9. However, as we will explain in section
3.2.2.4, we can avoid this calculation, at least in evaluating the expectation value of the energy
density (the tt component of the stress energy tensor). The latter can be related to hφ2 iren using
a diffeomorphism Ward identity. We will explicitly apply this approach for d = 5 in section
3.2.2.4 and for d = 3 in section 3.2.2.5.

3.2.2

Response to the mass quench

In this subsection we calculate renormalized quantities which measure the response to a mass
quench of the form (3.6) with A = −B = 1/2.

3.2.2.1

Numerical results

Given eq. (3.16) for the renormalized expectation value and eq. (3.31) for the necessary counterterm contributions, we are in position to compute hφ2 iren for spacetime dimensions from
d = 3 to 9. We first perform this computation numerically. The evolution of the resulting
expectation value is shown in figs. 3.1, ?? and 3.2 for different values of the quench rate δt.
In these plots, the expectation value for an ‘adiabatic’ quench is subtracted, where the latter
actually corresponds to δt = 10. We have verified that the expectation value is essentially
independent of δt for larger values. Further, as discussed in section 3.2.1.1, regulating the
expectation value in even dimensions requires the introduction of additional renormalization
scales. In the plots presented here, we have set all of these to one, i.e., µi = 1. Further we have
also set m = 1 in the mass profile (3.6).
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Figure 3.1: (Colour online) Renormalized expectation values hφ2 iren as a function of time t/δt,
for d = 3 and 4. In each plot, the different curves correspond to different quench rates: δt =
1/1, 1/2, · · · , 1/10 where the curves exhibiting higher peaks (in absolute value) correspond to
smaller values of δt. Note that the expectation value is multiplied by the numerical constant
σs =

2(2π)d−1
.
Ωd−2

Further, at each time, the expectation value for an ‘adiabatic’ quench is subtracted.

We can see in figs. 3.1 and 3.2 that the peaks in the expectation value grow (in absolute
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value) as δt becomes smaller, and that this growth becomes even faster when the spacetime
dimension is increased. To quantify the growth more precisely, fig. 3.3 shows hφ2 iren (t = 0)
over a broad range of δt, going from δt−1 = 1 to δt−1 = 200, in a log-log plot for d = 3 to
9. Furthermore, for each value of d, the linear fits were made to the curve and the results
indicate that the expectation value scales as hφ2 iren ∼ δt4−d for small δt.8 For the special case
of d = 4, where this formula seems to indicate no scaling, we found that there is actually
a logarithmic scaling. Both of these facts match the scaling found in holographic analysis
[14, 15]. In particular, the quenched operator is φ2 with ∆ = d − 2 and hence the exponent
in eq. (3.3) becomes d − 2∆ = 4 − d, precisely the scaling found with the linear fits. Further
given that ∆ is an integer, the holographic results also suggest that there should be an extra
logarithmic enhancement for even dimensions [15], i.e., hφ2 iren ∝ δt4−d log(δt). The logarithmic
scaling found for d = 4 certainly agrees with this expected enhancement, although there was
no evidence of such an enhancement in d = 6 or 8. In section 3.2.2.2, we will see this occurs
simply because for the particular tanh profile, the logarithmic contribution simply vanishes
at t = 0. Fig. 3.4 shows similar plots of hφ2 iren (t = δt/2) over a broad range of δt for d =
6 and 8. There the fit with the extra logarithmic enhancement is clearly preferred over the
linear fit.9 Hence we have found that effectively the mass quenches of a free scalar theory
quench reproduces precisely the same early time scaling that was discovered with a holographic
analysis [14, 15].

Recall that we have set m = 1 and hence δt  1 should be interpreted as m δt  1, in agreement with the fast
quench condition (3.8).
9
Note that as well as the usual fast quench condition (3.8), we must also require that µ δt  1 for these
logarithmic terms to dominate the scaling behaviour.
8
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Figure 3.2: (Colour online) Renormalized expectation values hφ2 iren as a function of time t/δt,
for d = 8 and 9. In each plot, the different curves correspond to different quench rates: δt =
1/20, 1/21, · · · , 1/30 where the curves exhibiting higher peaks (in absolute value) correspond
to smaller values of δt. As in the previous figure, the expectation value is multiplied by the
numerical constant σ s =

2(2π)d−1
.
Ωd−2

Further, at each time, the expectation value for an ‘adiabatic’

quench is subtracted.
Note that the holographic result is even valid for d = 3, where there is no divergence but a
linear relation to δt. We leave the detailed analysis of this particular case after we discuss the
analytical results in section 3.2.2.2.

3.2.2.2

Analytical leading contributions: d ≥ 5

The numerical results above revealed that fast mass quenches in the free scalar theory have
the same early time scaling (3.3) as in the holographic quenches [14, 15]. However, looking at
the curves of figs. 3.1 and 3.2, the entire time profile of the expectation value seems to take a
relatively simple and possibly universal form. In particular, for odd spacetime dimensions, one
can easily verify that the response takes a form similar to a certain time-derivative of the mass
2
profile. In particular, it seems that hφ2 iren ∝ ∂d−4
t m (t), where the power of the time derivative in

this ansatz was chosen as it matches the power-law scalings already discussed. In this section,
we will verify this universal form by developing an expansion of the hypergeometric functions
which allows us to extract the leading behaviour of the expectation value in the limit in which
δt → 0. In fact, we will show that this leading behaviour is in perfect agreement with the
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Figure 3.3: (Colour online) Expectation value hφ2 iren (t = 0) as a function of the quench times
δt for spacetime dimensions from d = 3 to 9. Note that in the plot, the expectation values are
d−1
multiplied by the numerical factor: σ s = 2(2π)
. The slope of the linear fit in each case is shown
Ωd−2
in the brackets beside the labels. The results support the power law scaling hφ2 iren ∼ δt4−d .
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Figure 3.4: (Colour online) Expectation value hφ2 iren (t = δt/2) as a function of δt for spacetime
dimensions d = 6 and d = 8 — the lower curve corresponds to d = 6. As in previous plots, the
d−1
expectation values are multiplied by σ s = 2(2π)
. We show in a blue solid curve the best fit by
Ωd−2
−α
a function f (δt) = δt (a log δt + b), where we get α = 1.9995 for d = 6 and α = 4.0097 for
d = 8. The purple curve is the best fit for a function f (δt) = aδt4−d . The plots clearly show that
there is an extra logarithmic divergence in expectation values. The results support the scaling
hφ2 iren ∝ δt4−d log(δt) for even d.
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numerical response presented in previous subsection. In the case of even d, we perform a
similar expansion to again extract the leading universal response for small δt and we will find
an enhancement by a logarithmic factor.
We first define dimensionless parameters. The relevant physical variables in the quenches
here are the initial mass m, the momentum k and the quench rate δt. With those, we define
κ = m δt ,

(3.43)

q = k δt .
Now we want to expand the hypergeometric function for small κ and fixed q. We will need to
expand the hypergeometric series in eq. (3.32) to second order in κ, which gives
2

2

∞ ( 1−iκ ) ( −iκ )
n
X
4q n 4q n z
,
2 F 1 (a, b; c; z) =
κ2
n!
n=0 (1 − iq − i )n

(3.44)

2q

where the notation ( )n is as defined below eq. (3.32). Also note that given our definition (3.43),
terms with higher powers of κ will contain extra factors of δt and so in the limit of δt → 0,
these contributions will be subleading, giving a slower scaling with δt. From eq. (3.44), we see
here that each term in the infinite series has an order κ2 contribution. Indeed the contribution
proportional to κ2 is an infinite series in powers of z. However, we are only interested in
computing |2 F1 |2 and then integrating over all momenta. Remarkably it turns out that for a
given d these integrals which multiply factors of z p vanish for all p ≥ pd where pd is an
integer which depends on d. Therefore we can calculate the nonvanishing contributions to
hφ2 i explicitly, with only the first few terms. We also need to regulate the expectation value
after making this expansion. So in the same way as before, we expand the series for large
q and subtract the divergent contributions. Of course, this procedure produces leading order
expansion in κ2 of the counterterm contributions that were found in eq. (3.31). We are able
now to compute the leading contribution in κ2 to the expectation value of φ2 . This gives, for
odd d ≥ 5,10
hφ2 iren = (−1)
10

d−1
2

π
2d−2

2
6−d
∂d−4
).
t m (t) + O(δt

(3.45)

We are putting aside d = 3 here — that special case will be analyzed separately at the end of this subsection.
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Note that to get this universal result, we need to use the same relations that were used in
computing the counterterms in order to relate z with m2 (t). As we are considering the mass
profile m2 (t) =

m2
(1
2

− tanh t/δt), eq. (3.45) supports the early time scaling
hφ2 iren ∼ m2 /δtd−4 ,

(3.46)

that was found numerically above. Here, it emerges from the leading term in an analytical
expansion when δt → 0. A nice way to visualize this behaviour is to replot the numerical
results as δtd−4 hφ2 iren and compare the curves with the leading order contribution (3.45). This
is shown for d = 5 and 7 in fig. 3.5. As we see, the numerical curves collapse down onto
the leading analytical profile as δt gets smaller and smaller. Further, the plots demonstrate
that that the numerical curves converge to the leading behaviour (3.45) more quickly in higher
dimensions, as might be expected since the power law scaling is more pronounced.
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Figure 3.5: (Colour online) δtd−4 hφ2 iren for different values of δt in odd spacetime dimensions.
The curves approach the analytical leading order solution (3.45), shown as the dashed red line,
as δt gets smaller. In panel (a) for d = 5, running from top to bottom on the left hand side,
the solid lines correspond to δt = {1, 1/2, 1/5, 1/10, 1/20, 1/50, 1/100, 1/500}. Similarly from
bottom to top in panel (b) for d = 7, the curves correspond to δt = {1/2, 1/3, · · · , 1/10}.
Now let’s turn to the case of even dimensions where the situation is more subtle. First,
we have the IR regulator µ which we use to produce the dimensionless variable ν = µδt along
with κ and q, as in eq. (3.43). Now we follow the same procedure as before: expanding to
leading order in κ2 and further expanding for large q to find the counterterm contributions. The
difference in this case is that in evaluating hφ2 iren , the integration over the momentum is divided
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into two regions, as described in subsection 3.2.1.1, and this is where the ν dependence will
appear. In fact, in a manner similar to that found above, we find that the entire ν contribution
is encoded in the first few terms of the expansion of hypergeometric functions and after some
manipulation, those terms simplify to yield
hφ2 i(d)
ren

= (−1)

d/2

2
∂d−4
t m (t)
log(µδt)
+ ··· ,
2d−3

(3.47)

where we already wrote the expectation value in terms of dimensionful µ and the dots indicate
terms independent of µ. However, let us note that we will see that the latter contributions
include terms that still scale as δt4−d . Further let us re-iterate the comment in footnote 9 that
for the above behaviour contribution to become dominant, we need µδt  1 as well as m δt  1
to be in the fast quench regime. Hence eq. (3.47) reveals a further logarithmic enhancement of
the leading response over the power law scaling in eq. (3.3). Rather for even d, we find
hφ2 iren ∼ m2

log δt
,
δtd−4

(3.48)

where we have set µ = 1 above. In fact, this logarithmic enhancement is exactly the kind of
behaviour found in the holographic studies [14, 15]. If we present the numerical response as
δt2 hφd−4 iren , as is shown in fig. 3.6(a) for d = 6, the peaks in the curves continue to grow as δt
becomes smaller and smaller. This growth reflects the additional logarithmic factor appearing
above in eq. (3.48).
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(a) δt2 hφ2 iren for d = 6
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Figure 3.6: (Colour online) Renormalized expectation value for different values of δt in
d = 6. Panel (a) shows δt2 hφ2 iren . As we reduce δt from δt = 1/10 to δt = 1/1000,
the peaks in the response continue to grow. In particular, the curves correspond to δt =
{1/10, 1/20, 1/50, 1/100, 1/1000}. Panel (b) shows δt2 hφ2 iren / log δt. Here as δt decreases,
the curves converge to the analytic expression (red dashed line). In this case, the amplitude
of the left peak increases monotonically as δt shrinks and the various curves correspond to
δt = {1/10, 1/20, 1/30, · · · , 1/100, 1/1000}.

In fig. 3.6, we show instead δt2 hφd−4 iren / log δt for d = 6. There is also red dashed line that
corresponds to the leading order expression derived analytically and as expected, the numerical
response collapses down onto this analytical profile as δt decreases. However, there is still a
part of this analytic response that we need to describe. Basically, the hypergeometric function
will give us a structure like
hφ2 iren = φ1 (t)δt4−d log(µδt) + φ2 (t)δt4−d + O(δt6−d ) ,

(3.49)

where φ1 (t) is given by eq. (3.47). Unfortunately, φ2 (t) cannot be expressed as neatly as in the
case of φ1 (t), possibly indicating that the form of this contribution is not universal. In fact, all
of the terms in the expansion (3.44) of the hypergeometric functions contribute to this profile.
The result for even dimensions d ≥ 4 can be written


h−1
i−2
h
d−4 X
Y
X


(i)
log
i

z j+1
 .
φ2 (t) = lim (−1)d/2
(−1)i
(
j
−
k)

h→∞
2
(i
−
1)!
i=2
j=1
k=0

(3.50)
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We have written the double sum in terms of a limit because we found that we can approximate
the entire expression for φ2 (t) well with the expression above where h is kept finite but large.
In particular, the analytical profile shown in fig. 3.6(b) corresponds to eq. (3.49) evaluated with
δt = 10−3 and taking h = 25 in eq. (3.50), as well as m = µ = 1. Again, as shown in fig. 3.6(b),
there is essentially exact agreement between the numerical solution and this analytic profile.
Note also that even for δt = 10−3 , log(δt) ∼ −6.9 and so both terms in eq. (3.49) contribute
significantly to the expectation value, i.e., one must go to much smaller values of δt before
φ2 (t) can be neglected.
Finally, let us turn to the question of why we did not see the logarithmic enhancement in
the original numerical results, i.e., in figs. 3.1, 3.2 and 3.3. Recall that in those plots, we were
examining hφ2 iren (t = 0) as a function of the quench times δt. The key point here is that we
choose to evaluate the response at time t = 0. Here we might note that in fig. 3.6(a), all of the
curves go through the same point at precisely t = 0, i.e., the entire scaling has been removed by
multiplying by δtd−4 at this time. This effect arises because we are studying the specific mass
profile m2 (t) = m2 (1 − tanh(t/δt))/2. In this case, any even number derivatives of this profile
precisely vanishes at t = 0. Hence we were simply unlucky in our choice of the time at which
to sample the response. As shown in figs. 3.4 and 3.6(a), the logarithmic enhancement can be
seen in the numerical results when we examine the response at any other value of t.

3.2.2.3

Analytical leading contributions: Low dimensional spacetimes

There are a number of reasons to treat d = 3 and 4 separately. First, eq. (3.45) does not make
sense when d = 3 since the latter would give a negative number of time derivatives in this
formula. Moreover, for both d = 3 and 4, all terms in the hypergeometric series expansion
(3.44) contribute. Finally, our expansion in powers of κ has some problems in the IR related to
simultaneously taking the limits κ, q → 0.
Let us illustrate the latter problem with d = 3. In this case, the counterterm contribution
(3.31) reduces to fct (k, m(t)) = 1 and hence in terms of dimensionless variables, eq. (3.16) can
be written as
d = 3 : hφ iren
2

1
=
4π δt

Z





q
2
dq  p
|2 F1 | − 1 .
q2 + κ2

(3.51)
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However, if we now first expand the integrand in powers of κ and then consider the limit
q → 0, we find an extra divergent term: −κ2 /(2q2 ). Of course, this ill-behaved term arises
p
because we are expanding q/ωin δt = 1/ 1 + κ2 /q2 for both κ and q around zero. For general
p
dimensions, this term becomes qd−2 /ωin δt = qd−3 / 1 + κ2 /q2 and the order κ2 term becomes
− κ2 qd−5 . Therefore a similar logarithmic divergence appears for d = 4 but no extra divergence
2

appears at order κ2 for d ≥ 5. Furthermore, we observe that we do not encounter any IR
divergence coming from the same expansion for the reverse quench (i.e., A = B = 1/2) in any
d. In the latter quenches, we have simply ωin δt = q. Finally, we note that no such IR divergence
appeared in the numerical calculations for either d = 3 or 4. Therefore we conclude that this
is not a physical divergence of our system. Rather it is a spurious problem generated by our
expansion in powers of κ.
Hence we remove this divergence by simply subtracting the spurious term as an extra counterterm contribution, which yields for d = 3,
hφ iren =
2

2
σ−1
s m δt

!
∞
1 − tanh t/δt
π X zi
π 2
3
+ O(δt ) = −
m δt log
+ O(δt3 ) ,
4 i=1 i
4σ s
2

(3.52)

where σ s was defined in eq. (3.42). Above, the second expression is just the sum that appears
when expanding the hypergeometric function and the third one is the result of summing all
the terms in the sum. We might also mention that for the reverse quench in d = 3, we find


t/δt
hφ2 iren = 4σπ s m2 δt log 1−tanh
+ O(δt3 ), which is just the negative of the above result.
2
Let us also say that subtracting that extra counterterm has its effect on the final expression
for the expectation value. In fact, by carefully comparing the full numerical integration with
√
the analytic answer we found that they are shifted by a factor m2 . We write m in this way to
emphasize that this extra term is non-analytic in m2 , so in fact what we are finding is that
2

hφ iren

!
1 − tanh t/δt
m m2 δt
=− −
log
+ O(δt3 ) ,
4π
16
2

(3.53)

where we have substituted σ s = 4π for d = 3 using eq. (3.42). We can recognize, though, that
this extra term is due to the κ-expansion because, for instance, it does not appear in the reverse
quench where ω2in = k2 + m2 and there is no problem in taking both limits. This difference is
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illustrated for both types of quenches in figs. 3.7(b) and 3.7(c). In section 3.2.7, we will see
that this constant term simply corresponds to the renormalized expectation value for a fixed
mass.
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(c) Reverse quench with δt = 10−4

Figure 3.7: (Colour online) σ s hφ2 iren in three-dimensional space-time. The red curves correspond to the leading order analytic expression (3.53) while the blue curves are the full numerical solution. By comparing panels (a) and (b), we can see that the difference between the two
solutions is roughly of order O(δt). We can observe that apart from having an extra minus sign
difference, the reverse quench in panel (c) starts from zero without needing to be shifted by the
factor of m.
Now if the leading term in eq. (3.52) is evaluated in the middle of the mass quench, we
have hφ2 iren (t = 0) =

log 2
16

m2 δt. Hence as observed in fig. 3.3, this result is linear in δt and

so it actually approaches zero in the limit δt → 0. This behaviour should be contrasted with
the growing response found in higher dimensions, e.g., as shown in eq. (3.46). In fact, the
same diminishing response will be found in d = 3 when the expectation value is evaluated for
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any finite value of t/δt. However, this scaling is deceptive as it may lead one to expect that
the quench has a vanishing effect in the limit δt → 0. Considering eq. (3.52) but in the limit
t/δt  1 instead, we find
hφ2 iren (t  δt) ∼

1 2
m t,
8

(3.54)

which is independent of the quench rate!
We will analyze the late time behaviour of the quench in greater detail in section 3.2.7.
However, the above expression (3.54) clearly indicates that the apparent scaling behaviour
shown in fig. 3.4 and eq. (3.52) does not give an accurate characterization of the overall effect
of the mass quenches in three dimensions. Pushing our numerical results to longer times, we
were able to go as far as t/δt ∼ 18. At these ‘late’ times, we found that the response is indeed
linear and independent of δt. For instance, a linear fit to the numerical results in fig. (3.7)
certainly respects the analytic limit.11 However, in section 3.2.7, we will show that for very
late times, where m2 t2  1, the growth is no longer linear but rather logarithmic.
This result also highlights another key difference between eq. (3.52) and the leading behaviour (3.45) found in higher dimensions. In higher dimensions, the time profile of the leading analytic term approaches zero exponentially fast (with a ‘tanh’ mass profile) for t/δt  1,
while in eq. (3.52), the corresponding time profile grows without bound at large times.
The situation for d = 4 is quite similar, but now the κ expansion generates an extra logarithmic divergence in the calculation of the response, as already commented above. However, the
same discussion as in the case of d = 3 still applies. Being in an even number of dimensions,
the leading order response has two components as in eq. (3.49) and so for d = 4, we have
hφ2 iren = φ1 (t) log(µδt) + φ2 (t) + O(δt2 ) .
Here we find φ1 (t) =

m2
(1
4

(3.55)

+ tanh(t/δt)) and φ2 (t) is given by eq. (3.50) with d = 4. We

also note that for the reverse quench in d = 4, the only difference is that we find φ1 (t) =
2

− m4 (1 + tanh(t/δt)). Evaluated at t = 0, the leading contribution for small δt is just hφ2 iren =
m2
4

log(µδt). Hence as the numerical results in fig. 3.3 showed, the leading contribution in d = 4
11

We also observe that examining the curves in figs. 3.7(a) and 3.7(b) shows that the analytic expression (3.53)
differs from the full numerical results only by terms that are roughly of order δt.
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scales logarithmically when δt → 0. Again, this logarithmic scaling was also agrees with the
behaviour found in holographic quenches [14,15]. We might also comment that for large times,
i.e., t/δt  1, both φ1 (t) and φ2 (t) approach a constant in eq. (3.55).

3.2.2.4

The stress-energy tensor

There is an elegant and independent consistency check of our results involving the energy
density. In particular, we can consider the diffeomorphism Ward identity [14]
∂t hEi = −hO∆ i ∂t λ ,

(3.56)

where E is the (renormalized) energy density. In the case of a constant mass, this identity
simply expresses the conservation of energy for the system, i.e., the RHS vanishes identically.
But in the case of a time-dependent coupling, eq. (3.56) determines the work done by the
quench. Following the conventions of [14], in our case, λ = m2 (t) and O∆ = − 12 φ2 , so with our
previous analysis, we already have all of the information needed to compute the RHS of the
identity. The independent consistency check will then consist of evaluating the time derivative
of the energy density, i.e., computing the LHS of eq. (3.56) directly.
The energy density, defined by the T tt component of the stress-energy tensor, is given by
E=


1
∂t φ ∂t φ + ∂i φ ∂i φ + m(t)2 φ2 ,
2

(3.57)

where the index i is summed over the spatial dimensions. Given our mode expansion (3.12),
this expression results the following expectation value,
Ωd−2
hEi =
2(2π)d

Z



kd−2 dk |∂t u~k |2 + |∂i u~k |2 + m(t)2 |u~k |2 .

(3.58)

Now it is straightforward to check analytically that taking the time derivative of the above
expression and simplifying the result with the equations of motion for the scalar field, yields
exactly ∂t hEi = 21 ∂t m2 (t)hφ2 i, as required by eq. (3.56).
We can also verify this agreement numerically. For simplicity, we will set d = 5 and in
this case, we know that all counterterms come from the zeroth order terms in the adiabatic
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expansion, which can be extracted from the constant mass expectation value — see discussion
below. In this case, eq. (3.58) reduces to
hEim2 (t)=m2 =

σ−1
s

!
Z
√
m2 2 m4
−1
4
−2
2
2
dk k +
k −
+ O(k ) .
dk k k + m = σ s
2
8

Z

3

(3.59)

Hence we know the necessary counterterms in d = 5 will to regulate the expectation value of
the energy density by subtracting off these first three terms, with m2 replaced by m(t)2 . With
this subtraction, we can evaluate the finite part of eq. (3.58) to get fig. (3.8(a)). By numerically
differentiating it with respect to time we should get exactly the RHS of eq. (3.56) and that is
indeed the result, as shown in fig. 3.8(b).
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Figure 3.8: (Colour online) Numerical verification of the diffeomorphism Ward identity (3.56)
for d = 5. Panel (a) shows hEi as a function of time. Panel (b) shows the corresponding ∂t hEi as a function of time (dashed) and the RHS of Ward identity (thin solid) evaluated using our previous results. In each case, the curves from top to bottom correspond to
δt = 1/10, 1/20, 1/30, · · · , 1/100. The straight red dashed line in panel (a) shows hEi for the
constant mass case (m2 = 1).

As a further check of our analysis, we can verify that the counterterm contributions have
the expected form. That is, even though we are finding them separately and independently
in eqs. (3.31) and (3.59), they should actually come from the same counterterm action, as
discussed in section 3.2.1.3. In the present case of d = 5, the action in eq. (3.37) reduces to
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five terms
S ct (m , gµν , Λ) = −
2

Z


i
√ h
dd x −g s00 Λ5 + s10 m2 Λ3 + s20 m4 Λ + R s50 Λ3 + s51 m2 Λ

(3.60)

The counterterm contributions to hφ2 i and hEi are then determined from this action by eqs. (3.38)
and (3.39), respectively. It is clear that the terms involving the Ricci scalar do not contribute
to hφ2 i when the latter is evaluated in flat space. Similarly, the variation of the s50 term to hEi,
coming from the variation with respect to the metric, vanishes in flat space. Finally, the vari

ation of the s51 term yields a contribution of the form:12 hT µν i ∼ ∂µ ∂ν − ηµν  m2 . However,
since the mass only depends on time, one finds that this particular contribution vanishes for the
energy density, hEi = hT tt i. Hence, in fact, only the first three counterterms in eq. (3.60) will
contribute in the present case. That is, we should find

1
s00 Λ5 + s10 m2 Λ3 + s20 m4 Λ ,
2
2
hφ i ∼ s10 Λ3 + 2s20 m2 Λ .
hEi ∼

(3.61)

Now if we integrate eq. (3.59) up to a momentum kmax and compare to the analogous result in
eq. (3.18), we find
!
5
3
m2 kmax
m4 kmax
1 kmax
+
−
hEi ∼
,
σs 5
6
8
!
3
m2 kmax
1 kmax
2
hφ i ∼
−
.
σs 3
2

(3.62)

Hence we find that the coefficients of the cubic and linear divergences match between the two
expectation values, as desired . Further, we can supplement the list of coefficients in eq. (3.41)
with s00 = −1/(d σ s ), after generalizing eq. (3.59) to d dimensions.
3.2.2.5

The energy density in three dimensions

As in the case of section 3.2.2.3, it is interesting to repeat the above analysis but focusing
on the d = 3 case separately. In this case, the scaling found for hφ2 iren in section 3.2.2 is
12

See the discussion related to eq. (3.73) below. We also note that while the tt component vanishes here, this
contribution would still be essential to regulate the pressure in the present quenches.
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proportional to δt. Hence on the RHS of the identity (3.56), this is multiplied by ∂t m2 which
gives a factor of 1/δt and so one would find that ∂t hEiren does not scale at all with δt. Since the
quench essentially takes place over an interval δt, this would then reproduce the naı̈ve scaling
δhEiren ∼ m2 δt as suggested by eq. (3.2), i.e., no work is done in the limit δt → 0. However,
we will show below that this is not really the case and rather we find that ∂t hEiren scales as 1/δt
and that δhEiren ∼ m3 — see figures 3.9 and 3.10. Note that the latter result indicates that the
work done is not analytic in the mass coupling, i.e., δhEiren ∼ (m2 )3/2 .
Let us start by computing the expectation value of the energy density for a constant mass.
In this case and with d = 3, eq. (3.58) yields
hEim2 (t)=m2 =

Z

!
3
k dk √ 2
1 kmax
kmax m2 1 3
2
k +m =
+
− m + O(1/kmax ) .
4π
4π 3
2
3

(3.63)

The first two divergent contributions would be removed by the counterterm contributions and
hence the renormalized expectation value of the energy density would be hEiren = −m3 /(12π)
in the case of a constant mass. Again it is notable that this result is not analytic in the mass
coupling. However, we can easily extract the counterterm contributions to regulate the expectation value in the case of a time-varying mass from eq. (3.63) to find fctd=3 = k2 + m2 (t)/2.
Subtracting these terms in the integral in eq. (3.58) with d = 3 then yields the renormalized
expectation value of the energy density. Then we computed this expectation value numerically
for different values of δt ranging from δt = 1/10 to δt = 1/100, as shown in fig. (3.9). We
observe that the energy density grows from its corresponding value at minus infinity — as we
set m = 1, this means 4πhEiren (t  0) = −1/3 — to a certain constant value at late times.
In particular, as δt becomes smaller, the latter constant seems to be independent of δt. Hence,
from this figure, we can see that the naı̈ve power counting does not work, because as described
above, it suggests that the change in energy density would be proportional to δt.
Further, we can also compute the time derivative of this profile and compare it with the
RHS of the Ward identity (3.56), using our previous results for the expectation value of φ2 .
Again, we get perfect agreement, as shown in fig. 3.10. There we also see that ∂t hEi scales as
1/δt.
How can we understand this scaling? The key point is that the change in the expectation
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Figure 3.9: (Colour online) Renormalized expectation value of the energy density as a function
of time for different values of δt. From bottom to top (on the right hand side), the different
curves correspond to δt = 1/10, 1/20, 1/30, · · · , 1/100. Hence with decreasing δt, the curves
accumulate towards the top red dashed line at late times. Note that all expectation values are
multiplied by the constant σ s = 4π. The red dashed line at the bottom corresponds to the
constant mass value (with m2 = 1) while the one at top corresponds to 1/6 — see main text for
explanation of this value.
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Figure 3.10: (Colour online) Time derivative of the renormalized expectation value of the energy density as a function of time for different values of δt. Different curves correspond to
δt = 1/10, 1/20, 1/30, · · · , 1/100, with curves with smaller δt correspond to higher peaks.
Note that all expecation values are multiplied by a constant σ s = 4π. The dashed lines correspond to the time derivative of hEiren while the thin solid lines correspond to evaluating
1
∂ m2 (t)hφ2 iren . The agreement between both calculations shows that the diffeomorphism Ward
2 t
identity is satisfied.

value of φ2 has a scaling proportional to δt but the full expectation value does not start from
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zero. Recall from eq. (3.53) that the expectation for d = 3 is given by
2

hφ iren

!
m m2 δt
1 − tanh t/δt
=− −
log
+ O(δt3 ) .
4π
16
2

(3.64)

Now, as δt → 0, the second term and all the subleading will go to zero and then hφ2 iren '
−m/(4π). So if we integrate the Ward identity (3.56) in this limit, we find
δhEiren = hEiren (t = ∞) − hEiren (t = −∞)
m3
m
.
= − (m2 (t = ∞) − m2 (t = −∞)) =
8π
8π

(3.65)

Further at very early times (i.e., t  0), the energy density will match that found in the case of
a constant mass. Hence given the results in eq. (3.63), we have hEit=−∞ = −m3 /(12π). Hence
for late times (and small δt), we should find the energy density to approach hEit=∞ = m3 /(24π),
which is exactly what is shown for the long time behaviour in fig. 3.9.
To close this section, we reiterate that eq. (3.2) suggests the scaling of the energy should
be δhEiren ∼ m2 δt for d = 3. This scaling was not realized here in eq. (3.65) but this result
depended on the fact that hφ2 i = −m/(4π) in the past, i.e., at the start of the quench. On the
other hand, if we considered a ‘reverse’ quench, where the mass starts at zero and rises to some
finite m, this initial expectation value would vanish and hence the expected scaling would be
fulfilled. That is, zero work is done by the reverse quench in the limit δt → 0.

3.2.2.6

Universal scaling of higher spin currents

It is known that free scalar field theory has an infinite set of higher spin conserved currents
ji1 ···is [21, 22]. Apart from being conserved, these currents are symmetric in their indices and,
in the case of massless theory, traceless. It is interesting, then, to analyze how these currents
behave in the present quenches. In particular, we will be interested in determining how the
higher spin currents scale in the fast quench limit.
Higher spin currents for a massless complex scalar field are given by [22]

ji1 ···is ∝

s
X
k=0


k! k +

(−1)k


d−4
!(s
−
k)!
s−k+
2

d−4
2

 ∂i1 · · · ∂ik φ∗ ∂ik+1 · · · ∂is φ − traces,
!

(3.66)
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where indices i1 , · · · , i s should be symmetrized above. In case of a complex scalar field, the
even spin currents are symmetric under the interchange φ ↔ φ∗ , while odd spin currents are
antisymmetric. In our calculations, we are dealing with real fields and so the odd spin currents
trivially vanish. Hence we will only consider the even spin currents.
Let us start by revisiting the spin-2 current, i.e., the stress-energy tensor of the conformally
coupled scalar. Hence we can obtain this current by varying the scalar field action with respect
to the metric,
2 δS
j(2)
,
ab = − √
−g δgab

(3.67)

where
1
S =−
2

Z


√ 
dd x −g ∂µ φ∗ ∂µ φ + m2 φ∗ φ − ξR φ∗ φ

and ξ takes the usual value for the conformal coupling: ξ =
j(2)
ab = −

1 d−2
.
4 d−1

(3.68)

Upon varying, we obtain

d
1d−2
(φ∂ab φ∗ + φ∗ ∂ab φ) +
(∂a φ∂b φ∗ + ∂a φ∗ ∂b φ)
4d−1
4(d − 1)
ηab
−
(∂c φ∂c φ∗ + m2 φ∗ φ) .
2(d − 1)

(3.69)

We note that the equation of motion, φ = m2 φ, was used to simplify the above expression.
Further, we can verify that if we set m2 = 0, the above result reproduces the s = 2 current
in eq. (3.66), up to an overall numerical factor. It will be convenient for the following to
split the current into two parts: the minimally coupled current (obtained by setting ξ = 0)
and the remaining contribution coming from the conformal coupling term proportional to R in
eq. (3.68). Then we have
(2)min
j(2)
+ j(2)conf
,
ab = jab
ab

(3.70)

where
∂a φ∂b φ∗ + ∂a φ∗ ∂b φ 1
− ηab (∂c φ∗ ∂c φ + m2 φ∗ φ) ,
2
2
1 d − 2
− (φ∂ab φ∗ + φ∗ ∂ab φ) − (∂a φ∂b φ∗ + ∂a φ∗ ∂b φ)
=
4d−1

+ηab (φ∗ φ + φ φ∗ + 2∂c φ∗ ∂c φ) .

j(2)min
=
ab

(3.71)

j(2)conf
ab

(3.72)
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Of course, we have restored the terms involving φ using the equations of motion in j(2)conf
.
ab
is a total derivative, i.e.,
The reason for doing so is that it makes apparent that j(2)conf
ab
j(2)conf
= ξ (∂ab (φ∗ φ) − ηab (φ∗ φ)) .
ab

(3.73)

Then, in our case (where hφ2 i only depends on time), we find that the a = b = t component
of this part vanishes and we are only left with the minimally coupled current. Therefore the
energy density calculated with the full stress tensor (3.69) agrees with that found with the
minimal stress tensor (3.71), as was done in the previous sections.
Of course, for a constant mass, the spin-two current (3.69) is conserved. However, if we
allow for a time-varying mass, the divergence of this current yields
1
t (2)
t (2)min
∂a j(2)
= − ∂t m2 (t)hφ∗ φi .
at = ∂ jtt = ∂ jtt
2

(3.74)

Of course, we have reproduced the diffeomorphism Ward identity (3.56), from which we can
determine the energy which the quench injects into the system if we are given the expectation
value hφ∗ φi. The reason for revisiting this result for the spin-2 current is that we will now apply
the analogous analysis with the spin-4 current and we will find the scaling of this higher spin
current in the limit of fast quenches. Further, we will use this approach to argue for the scaling
of all of the higher even spin currents.
First we must build the spin-4 current for the massive theory as follows: Take eq. (3.66)
and explicitly symmetrize the indices. Then introduce all the necessary trace terms with the
necessary coefficients to ensure that the result is traceless in the massless case. The next step
is to generalize this current for a massive field. Here, we take the divergence of the massless
expression and add all the necessary terms proportional to the mass to ensure that the divergence vanishes upon evaluation on the massive equation of motion. This procedure is explicitly
carried out for the spin-4 current in Appendix 3.6. The final result is
j(4)
i1 i2 i3 i4

=

2 =0
ji(4)m
i
i
1 2 3 i4

!
m2
2 (2)conf
(2)
   ηi1 i2 (d + 1) ji3 i4 +
+ 
j
,
d − 2 i3 i4
2 d2 + 2 ! d2 !

(3.75)

where again the indices in last term should be symmetrized. Now we are interested in ob-
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taining the analogous Ward identity for the spin-4 current. In particular, we make the mass
time-dependent and evaluate the time-derivative of the j(4)
tttt component. Note that the part proportional to the conformally coupled spin-2 current will vanish and hence we find
∂t h j(4)
tttt i =

d+1
d+1
   ∂t m2 (t) h j(2)
   ∂t m2 (t) hEi .
i= 
tt
d
d
d
2 2 +2 ! 2 !
2 2 + 2 ! d2 !


(3.76)

To determine the scaling of this spin-4 ‘charge density’ in the limit of fast quenches, we can
use the scaling of the energy density hEi ∼ m4 /δtd−4 to find:
h j(4)
tttt i ∼

(m2 )3
.
δtd−4

(3.77)

Hence in the fast quench limit, the spin-4 charge diverges with precisely the same power of
δt as the spin-2 charge and the spin-0 charge (i.e., φ2 ), while an extra power of m2 appears to
make up the necessary dimension of the new operator.
Extending the construction of the spin-4 current, described above, to obtain higher spin
currents in the massive theory is straightforward, though tedious. We expect that the massive
terms for the spin-s current can decomposed, as in the spin-4 case, in terms of the spin-(s–2)
current and a total derivative term. Then, it is easy to see that for a time-varying mass, we will
get a hierarchy of generalized Ward identities,
(s−2)
2
∂t h j(s)
t···t i ∼ ∂t m (t) h jt···t i .

(3.78)

Now integrating these identities will similarly yield a hierarchy of scalings for the final currents
2 (s−2)
in the fast quench limit, i.e., h j(s)
t···t i ∼ m h jt···t i. Hence the scaling of all of the higher spin

currents would be determined by that originally found from how hφ2 i scales. Then in general
we should find that

(m2 ) 2 +1
.
∼
δtd−4
s

h j(s)
t···t i

(3.79)

Of course it would be interesting to explicitly construct the currents in the massive theory and
derive these scalings for the higher spin currents. However, our expectation is that after a
quench, all of currents that will scale with precisely the same power of δt. In particular then,
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for d ≥ 4, all of these currents will diverge as δt → 0.

3.2.3

CFT to CFT quenches

This subsection is devoted to study the response of the scalar field under a quench whose mass
profile is asymptotically zero at both infinite past and future. We smoothly turn on the mass up
to some m2 and then go back to the critical point. The whole process is again characterized by
a time length δt. We may proceed analytically if we choose the following mass function
m2 (t) =

m2
.
cosh2 (t/δt)

(3.80)

Analysing this system is interesting because it provides a further check of our previous analysis. In particular, we should expect to have the same scaling behaviour for the renormalized
expectation values in the limit of fast quenches. Moreover, the counterterms should be the
same as in the previous case with the only difference that we should change the mass function
(and its derivatives) to the new profile. Even though this is expected, it is not at all trivial :
rather it provides a good confirmation of our results. Lastly, we will return to such CFT-toCFT quenches later in section 3.4 to give a general argument that should be valid for arbitrary
CFTs and hence the present section provides an explicit example of these processes. Finally,
as in the case of the tanh profile, it is straightforward to extend the present analysis of these
pulse-like quenches to include a constant mass, i.e.,
m2 (t) = m20 +

m2
.
cosh2 t/δt

(3.81)

We will explicitly analyze quenches with this profile in section 3.2.4. However, our intuition
suggests that universal scaling in eqs. (3.2) and (3.3) should still hold if we satisfy both m2 δt2 
1 and m20 δt2  1. Again, this emphasizes that what is important is that the theory has a UV
fixed point, i.e., , the UV description of the theory is a CFT. The IR details become unimportant
in the fast quench limit, i.e., when 1/δt dominates all of the IR scales.
As with the tanh profile (3.6), we can exactly solve this problem by decomposing the scalar
field into momentum modes, as in eq. (3.12). This modes will satisfy the Klein-Gordon equa-
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tion with mass given in eq. (3.80),
!
d2 u~k
m2
2
+ k +
u~k = 0 .
dt2
cosh2 t/δt

(3.82)

This equation can be written in hypergeometric form by expressing it in terms of variable
y = cosh2 (t/δt),
!
!
d2 u~k
du~k
1
k2 δt2 m2 δt2
y(1 − y) 2 +
−y
−
+
u~k = 0 .
dy
2
dy
4
4y

(3.83)

We are interested in those solutions that behave purely as positive frequency waves in the
infinite past, so we need to fix initial conditions so that u~k (t → −∞) =

√1
4πωk

exp(−i~k · ~x − iωk t),

where ωk is just ωk = k because in the infinite past we are in the massless theory.13 Then, the
complete solution for the modes in terms of k and y is given by
1
u~k = √
4πk

2ik yα
×
0
0
E1/2
E3/2 − E1/2 E3/2
!
1
1
1 3
× E3/2 2 F1 (a, b; ; 1 − y) + E1/2 sinh(t/δt)2 F1 (a + , b + ; ; 1 − y) ,
2
2
2 2
(3.84)

where
Ec =

Γ(c)Γ(b − a)
Γ(b)Γ(c − a)
ikδt
a=α+
2

,

Ec0 = Ec (a ↔ b) ,

ikδt
b=α−
,
2
√
1 + 1 + 4m2 δt2
α =
.
4
,

(3.85)

Now, as we did in the previous case, we integrate over momentum modes in evaluating the
expectation value of φ2 and this integral is UV divergent. To get the finite renormalized expectation value, we must subtract the appropriate counterterm contributions. In section 3.2.1.1, we
used an adiabatic expansion to obtain the counterterms supposing only that the mass depends
13

The way to take this limit is to use identities that relate hypergeometric functions of argument z with a linear
combination of hypergeometric functions of argument 1/z — see, for instance, [23]. In our case, as t → −∞,
1 − y → −∞ and then, such identities are useful.
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on time. Hence we can expect the counterterm contributions in eq. (3.31) will regulate hφ2 i for
any mass profile. Hence, we use the same expression here and only change the profile of m2 (t)
to the pulsed one (3.80). In this way, we obtain
hφ iren =
2

Z



dd−1 k |u~k |2 − fct (k, m(t)) ,

(3.86)

which is UV-finite, as we will see below. A more nontrivial result is that these expectation
values should yield the same leading order behaviour, as derived in section 3.2.2.2, where the
results were expressed in terms of derivatives of the mass profile. In fact, we found that this
same universal behaviour indeed emerges for the pulsed profile and so eq. (3.45) also gives the
correct result in this example. In particular, fig. 3.11 shows the renormalized expectation value
of φ2 for odd dimensions d = 5, 7, 9. As we did in the original quenches, here, we divide by
the expected scaling m2 /δtd−4 and plot eq. (3.86) for different time intervals δt. We see that the
curves rapidly converge to the analytic expression given in eq. (3.45) as δt goes to zero. This
clearly shows that both the expected scaling in eq. (3.2) and the leading analytical behaviour in
eq. (3.45) are valid in the present example of a pulsed quench.
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Figure 3.11: (Colour online) hφ2 iren δtd−4 /m2 for different values of δt and different odd spacetime dimensions d. The solid curves correspond to δt = 1, 1/2, · · · , 1/10 with δt decreasing as
they converge to the analytical leading expression (3.45), plotted with dashed red curve. This
leading term has hφ2 i(d)
ren ∼ (−1)

d−1
2

2
∂d−4
t m (t).

For even d, we expect the scaling to be enhanced by a logarithmic factor, as discussed in
section 3.2.2.2. In the case of the previous case with the tanh profiles, we could not see this
enhancement in our numerical results [16] because the leading order term vanishes at t = 0.
However, in the present case, the even derivatives of the mass are not zero at t = 0 and hence,
we should be able to see the expected behaviour even at zero time. This can be seen exactly in
fig. 3.12, where the fits of the curves support the scaling hφ2 iren ∼ m2 /δtd−4 log δt. In contrast,
for odd d, the corresponding derivatives of pulse profile (3.80) vanish at t = 0. However, we
can instead evaluate hφ2 iren (t = −δt/2) to reveal the same scaling applies in odd d, as shown
in fig. (3.13). Of course, this scaling was already confirmed above by matching the leading
analytic behaviour.

76

Chapter 3. Universality in fast quantum quenches

108

Σs <Φ2 >ren Ht∆t=0L

106

104

100

1
10

15

20

30

50

70

100

1∆t

Figure 3.12: (Colour online) Renormalized expectation value of φ2 at time t = 0 as a function
of δt for different even dimensions. The blue curve corresponds to d = 4, where the fit by
a function δt−α (a1 − a2 log δt) gives α = 0.0028, showing the expected logarithmic growth;
the purple curve corresponds to d = 6 and the same fit gives α = 2.0006; the yellow curve
corresponds to d = 8 and the fit results in α = 4.0019, just as expected by our power law
scaling (3.2).
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Figure 3.13: (Colour online) Renormalized expectation value of φ2 at time t/δt = −0.5 as a
function of δt for different odd dimensions. The blue curve corresponds to d = 5, where the
fit by a function δt−α a1 + a2 gives α = 1.006, showing the expected scaling; the purple curve
corresponds to d = 7 and the same fit gives α = 2.991; the yellow curve corresponds to d = 9
and the fit results in α = 4.977, just as expected by our power law scaling (3.2).

3.2.4

Universal scaling for arbitrary initial and final mass

In this section, we would like to show that the universal scaling in eq. (3.2) is not exclusive to
quenches which involve a critical theory at the initial and/or final times, but are also found for
arbitrary initial and final mass under certain assumptions. Basically what we need is 1/δt to be
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the only relevant scale of the problem. So long the initial and final mass (and their difference)
are much smaller than 1/δt, we will find the same scaling.
For the tanh profile (3.6), this scaling can be explicitly seen by extending the analysis of
the renormalized expectation value (3.16) to general initial and final masses, i.e., general A and
B in eq. (3.6). Hence we have
hφ iren =
2

Z

kd−2 dk
σ s ωin



!2


1
+
tanh(t/δt)
 2 F1 1 + iω− δt, iω− δt; 1 − iωin δt;
− fct (k, m(t)) ,
2
(3.87)

where
ω2in = k2 + m2 (A − B) ≡ k2 + m2i ,

(3.88)

ω2out = k2 + m2 (A + B) ≡ k2 + m2f .

(3.89)

and the counterterm contributions fct (k, m(t)) are given by eq. (3.31).
Now let us redefine the integration variable in eq. (3.87). We define
k̃2 ≡ k2 + m2f

(3.90)

ω2in = k̃2 + m2i − m2f ≡ k̃2 + (δm2 ),

(3.91)

and hence

ω2out = k̃2 .

(3.92)

With this choice, eq. (3.87) starts to look like the expectation value for a quench from an initial
mass-squared (δm2 ) to the massless case. In fact, the absolute value of the hypergeometric
function in the integrand will look exactly like that. We have to take care about the rest of the
integral. Applying the change of variables (3.90), eq. (3.87) becomes
hφ iren =

Z

∞

2

mf


q
 d−3 
k̃ dk̃  2
2
2 2
2
2
k̃ − m f
|2 F1 | − fct ( k̃ − m f , m(t)) .
σ s ωin

(3.93)

Further as in section 3.2.2.2, we introduce a dimensionless momentum q̃ = k̃δt, which then
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yields

hφ2 iren

1
= d−4
δt

Z

∞

m f δt

 d−3


i
m2f δt2  2 h
q̃d−2 dq̃ 
2
2 2 2 1/2

F
−
f
q̃
(1
−
m
δt
/
q̃
)
,
m(t)
. (3.94)
|
|
1 −
2
1
ct
f
σ s ωin
q̃2

In the limit of m f δt  1, the expectation value becomes
2

hφ iren

1
=
σ s δtd−4

∞

Z
0

i
q̃d−2 dq̃ h
|2 F1 |2 − fct (q̃, m(t)) ,
ωin

(3.95)

up to contributions suppressed by m2f δt2 . Hence we have reproduced exactly the expression
computing the renormalized expectation value for a quench starting at (δm2 ) and ending at
zero mass. Then, as shown previously, in the case where δ(m2 )δt2  1, the expectation value
of φ2 scales as δm2 δt4−d .
Hence to obtain the universal scaling (3.2) in quenches with arbitrary masses, we need to
satisfy two conditions:
m f δt  1 ,

(3.96)

δ(m2 )δt2 = (m2i − m2f )δt2  1 .

(3.97)

It is easy to check that these two conditions are equivalent to those in eqs. (3.8) and (3.9), i.e.,
(m2i − m2f )δt2  1 and (m2i + m2f )δt2  1.
Finally, we will comment on the case of the pulsed quench around any arbitrary mass. If
our mass profile becomes m(t)2 = m20 +

m2
,
cosh2 t/δt

then it is easy to verify that the only change in

eq. (3.83) is to add a term proportional to m20 ending up with
!
!
(k2 + m20 )δt2 m2 δt2
d2 u~k
du~k
1
y(1 − y) 2 +
−y
−
+
u~k = 0.
dy
2
dy
4
4y

(3.98)

In analogy to eq. (3.90), we define k̃2 = k2 + m20 , so that the equation becomes the same but
with k → k̃. Then the solution for the modes will be the same with the only difference that
in eq. (3.85), k is replaced with k̃ (in a and b). To obtain the expectation value, we will have
to integrate over all momenta. In a way completely analogous to the previous case, we can
perform a change of variables to integrate in k̃ and in the limit of m20 δt2  1, we will get
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exactly the same integral as in section 3.2.3. Hence it is expected that the same scaling will
appear. In conclusion, for the pulsed quench, the expectation value of φ2 will scale as m2 δt4−d
provided that m2 δt2  1 and m20 δt2  1.

3.2.5

Comparison to linear response

The results of sections 3.2.1 and 3.2.4 for the tanh profile are leading order in the dimensionless
variable (mδt)2 . Therefore they should agree with a linear response calculation. In this section,
we compute h0|φ2 |0iin in linear response theory for the quench starting from a CFT and ending
with a massive theory and show that the result is in exact agreement with the expansion of the
exact answer to O(m2 ), for each of the k modes individually. This agreement should hold for
the other kinds of protocols as well, such as the pulse profile in section 3.2.3.
The linear response result for the expectation value h0|φ2 |0iin is given by the expression
h0|φ (x, t)|0iin − h0|φ (x, t)|0iin |m2 =0 = −
2

2

Z

Z
d

dt0 m2 (t0 ) GR (x, t; x0 , t0 )

d−1 0

x

(3.99)

where the retarded correlator is given by
GR (x, t; x0 , t0 ) = iθ(t − t0 )in h0|[φ2 (x, t), φ2 (x0 , t0 )]|0iin

(3.100)

The correlation functions are to be evaluated in the initial theory, which is the massless free
field theory. The right hand side can be computed exactly leading to
h0|φ (x, t)|0iin − h0|φ (x, t)|0iin |m2 =0 = −
2

2

Z

dd−1 k 1
(2π)d−1 2k2

Z

t

dt0 m2 (t0 ) sin[2k(t − t0 )] (3.101)
−∞

We will express the right hand side of eq. (3.102) as a power series expansion in
η = exp(2t/δt) .
In eq. (3.101), we write m2 (t0 ) =

m2
(1
2

(3.102)

η
+ tanh(t0 /δt)) = m2 1+η
0 . Then expanding this expression
0
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as a series in η0 and performing the intergral over η0 , we obtain
h0|φ (x, t)|0iin − h0|φ (x, t)|0iin |m2 =0 = m
2

2

2

Z

∞
(−1)n
dd−1 k X
ηn+1
d−1
2
2
(2π)
4|k|(k + n )
n=1

(3.103)

Let us now consider the O(m2 ) contribution to h0|φ2 (x, t)|0iin from the exact answer. This is
given by
h0|φ (x, t)|0iin =
2

Z

1
dd−1 k
|2 F1 [1 + iω− δt, iω− δt; 1 − iωin δt; (1 + tanh(t/δt))]|2 (3.104)
d−1
(2π) (2|k|)
2

where in this case
ωin = |k|, ωout =

√
1
k2 + m2 , ω± = (ωout ± ωin ) .
2

(3.105)

We need to expand the hypergeometric function to O(m2 ) and express the answer as a power
series expansion in η. It turns out that
|2 F1 |2 = 1 + m2

∞
X
n=1

(−1)n
ηn+1 + O(m4 ) .
2(k2 + n2 )

(3.106)

Substituting eq. (3.106) into eq. (3.104), it is easily seen that the O(m2 ) contribution to the
exact answer matches the answer from linear response theory (3.103).

3.2.6

Comparison with instantaneous quenches

The results of the previous sections appear to be at odds with the well studied examples of
instantaneous (or abru pt) quenches in field theories, in particular [5, 6]. The behavior of e.g.,
eq. (3.3) suggests that for ∆ > d/2, the expectation value of the operator O and hence the
rate of energy production diverges in the limit δt → 0. In contrast, the results of instantaneous quenches indicate that there is a smooth limit. In this section we resolve this apparent
discrepancy.
The main point is that the fast quench limit, considered here, involves a quench rate, i.e.,
1/δt, which is fast compared to the scale set by the relevant coupling, but slow compared to
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the UV cutoff. This is implicit in the above since we are working with renormalized quantities,
where in fact the UV cutoff has been sent to infinity. However the abrupt quenches which are
considered in the literature involve an instantaneous change of the Hamiltonian at some time,
e.g. t = 0. The wave function evolves from early times according to one time independent
Hamiltonian Hin up to time t = 0. The resulting wavefunction at t = 0 then acts as an initial
condition for evolution with a different time independent Hamiltonian Hout . This process can be
considered as a limit of a smooth time-dependent Hamiltonian provided the scale of variation
is infintely fast compared to all scales in the problem. In a field theory, this means that 1/δt is
large compared to all momentum scales including the UV cutoff scale Λ. This is clearly not
the limit considered in our work.
To make this point explicit, we will now compute the two-point correlation function in
position space in the free bosonic field theory with the time-dependent mass given by eq. (3.6).
We are interested in this at late times. For this purpose, it is convenient to work in terms of the
“out” modes,
φ=

Z


dd−1 k 
† ∗
v
,
b
v
+
b
~
~
~k ~k
(2π)d−1 k k

(3.107)

where
v~k =

1
exp(i~k · ~x − iω+ t − iω− δt log(2 cosh t/δt)) ×
√
2ωout
!
1 − tanh(t/δt)
2 F 1 1 + iω− δt, iω− δt; 1 + iωout δt;
2

(3.108)

with the various frequencies defined in eq. (3.14). These modes have the usual plane-wave
behaviour at late times, t  δt,
1
v~k → √
exp(i~k · ~x − iωout t).
2ωout

(3.109)

The in and out sets of modes (u~k and v~k , respectively) are related by a Bogoliubov transformation
u~k = α~k v~k + β~k v?−~k ,
u~?k = α~?k v~?k + β~?k v−~k .

(3.110)
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The Bogoliubov coefficients have been evaluated in [18],
ωout
ωin
r
ωout
ωin

r
α~k =
β~k =

Γ(1 − iωin δt)Γ(−iωout δt)
,
Γ(−iω+ δt)Γ(1 − iω+ δt)
Γ(1 − iωin δt)Γ(iωout δt)
.
Γ(iω− δt)Γ(1 + iω− δt)

(3.111)

The correlation function of the field is then given by
dd−1 k
hin, 0|φ(~x, t)φ(~x , t )|in, 0i =
u~ (~x, t) u~?k (~x0 , t0 )
(2π)d−1 k
Z
dd−1 k n 2
=
|α~ | v~ (~x, t)v~?k (~x0 , t0 ) + α~k β~?k v~k (~x, t)v−~k (~x0 , t0 ) +
(2π)d−1 k k
Z

0

0

(3.112)

o
α~?k β~k v?−~k (~x, t)v~?k (~x0 , t0 ) + |β~k |2 v?−~k (~x, t)v−~k (~x0 , t0 ) .
Using (3.111) one finds
sinh2 (πω+ δt)
sinh(πωin δt) sinh(πωout δt)
ωout πωin δt
[Γ(iωout δt)]2
=
.
ωin sinh(πωin δt) (−ω+ ω− δt2 )[Γ(iω− δt)]2 [Γ(iω+ δt)]2

|α~k |2 = 1 + |β~k |2 =
β~k α~?k

(3.113)

Consider now the limit
ωin δt  1

ωout δt  1 ,

(3.114)

in which the quantities appearing in eq. (3.113) become
2

|β~k |

β~k α~?k

(ωout − ωin )2
→
4ωout ωin
2
ωout − ω2in
→
.
4ωin ωout

(3.115)

Let us now compute the correlation function (3.112) taking both the limit (3.114) and considering late times
t/δt  1 , t0 /δt  1 .

(3.116)
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Using eqs. (3.109) and (3.115), a short calculation yields
dd−1 k i~k·(~x−~x0 )
hin, 0|φ(~x, t)φ(~x , t )|in, 0i →
e
(3.117)
(2π)d−1
" −iωout (t−t0 )
#
(ω2out − ω2in )
e
(ωout − ωin )2
0
0
×
+
cos ωout (t − t ) +
cos ωout (t + t ) .
2ωout
4ω2out ωin
4ω2out ωin
Z

0

0

Note that δt has disappeared from the result. In fact this reproduces the result for an instantaneous quench from a mass m2in = m2 (A − B) to a mass m2out = m2 (A + B), e.g., see eq. (8)
of [6].
In this paper, we have concentrated on local quantities like hφ2 i or the energy density. These
involve integrals over all momenta all the way to the cutoff, and clearly the limit (3.114) is not
appropriate for large UV momenta in these integrals. In our analysis, we have worked with
renormalized quantities which, as we noted above, implicitly involves taking the UV cutoff Λ
much larger than 1/δt. This is why our limit of fast quenches is physically different from the
instantaneous quenches, studies elsewhere, where the quench rate is necessarily fast compared
to Λ. In fact in the continuum limit, it is unphysical to consider such an instantaneous quench.
It would be interesting to investigate these issues in a theory with finite cutoff. In such a theory
one would expect that the scaling discussed in this paper should hold in a protocol where
Λ−1  δt  m−1 . On the other hand, when δt is the same order as Λ−1 , the answers should
approach those for an instantaneous quench.
Nevertheless, for distances |~x − ~x0 |  δt, only momenta much less than δt−1 should be
making a substantial contribution to the correlation functions. For such quantities, the condition
(3.114) is effectively satisfied and so by the above analysis, one should expect only small
differences between a fast smooth quench and an instantaneous quench at late times, i.e., when
eq. (3.116) is also satisfied. Details of this comparison will be discussed in [17] — see also
discussion in the following section and in section 3.5.

3.2.7

Late time behaviour

In section 3.2.2.3, we observed some interesting late time behaviour for the expectation value
hφ2 (x, t)i in three dimensions, i.e., at late times, the expectation value is independent of δt. This
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may lead us to suspect that this late time behavior agrees with the results of an instantaneous
quench. In this section, we will show that in a suitable regime this is indeed true for d = 3, but
one finds that the same agreement does not generally occur in higher dimensions [17].
As we noted in section 3.2.2.3, the numerical analysis only allowed us to evaluate the
expectation values out to times of order t ∼ 10 δt. Hence given the values of m and δt that we
were using, we were always in a regime where m2 t2  1. We therefore first compare the result
obtained in section 3.2.2.3 with the result of an instantaneous quench in this regime. We will
show that with the results already obtained we can reproduce our previous results in this limit
but also go beyond them and evaluate the proper long time behaviour of the scalar field for
m2 t2  1.
The starting point will be to consider the correlator for instantaneous quench, eq. (3.117)
and evaluate this expression at coincident points in space and time, i.e., ~x = ~x0 , t = t0 . This
gives,
hφ (~x, t)i =

Z

2



dd−1 k
1
2
2
2
2
+
ω
−
(ω
−
ω
)
cos(2ω
t)
.
ω
out
in
out
in
out
(2π)d−1 4ω2out ωin

(3.118)

Focusing on the quench to the critical point, i.e., A = −B = 1/2 in eq. (3.6), for which
ω2out = k2 and ω2in = k2 + m2 , we find
Ωd−2
hφ (~x, t)i =
2(2π)d−1
2

Z


kd−4 dk  2
k + m2 sin2 (kt) .
√
k 2 + m2

(3.119)

Of course, this expectation value is divergent in the UV, so it must be regulated as described
in section 3.2.1.1. While in general this is a somewhat involved procedure, we begin here by
considering d = 3 in which case there is a single mass-independent UV divergence — see
eqs. (3.18) and (3.19). Hence the difference between the quenched expectation value and that
for a fixed mass m will produce a finite result.14 That is, we subtract
2

hφ i f ixed
14

Ωd−2
=
2(2π)d−1

Z

Φ2f ixed (k)dk

Ωd−2
=
2(2π)d−1

Z

kd−2 dk
√
k 2 + m2

(3.120)

Note that we are subtracting the expectation value with the mass fixed at the initial mass of the quench rather
than the final mass (which would be zero). Either choice would leave a finite remainder but the expressions
simplify somewhat here by using the initial mass.
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from eq. (3.119) and then evaluate the finite difference
2

2

hφ iquench − hφ i f ixed

Z
m2
dk
=
sin2 kt
√
2
2
4π
k k +m
2 Z
mt
dp
=
sin2 p
p
2
2
2
4π
p p +m t

(3.121)

for d = 3. In these expressions, we have substituted σ s = 4π for d = 3 using eq. (3.42). Above
in the second line, we also introduced the dimensionless momentum p = k t. The first thing to
verify is that we recover our previous results for d = 3 in the regime where m2 t2  1 — see
discussion in section 3.2.2.3. In this limit, we can drop the m2 t2 appearing in the denominator
of the integrand to find
2

2

hφ iquench − hφ i f ixed

m2 t
=
4π

Z
0

∞

dp 2
1
sin p = m2 t .
2
p
8

(3.122)

This is exactly the same result we found in eq. (3.54), showing a linear growth in the expectation value of φ2 with a slope that is independent of δt. From these results, we can also identify
the constant displacement in eq. (3.53) and in fig. 3.7 as the renormalized expectation value for
a constant mass, i.e., hφ2 i f ixed,ren = −m/(4π).
However, given eq. (3.121), we can go further and analyze the behaviour of the expectation
value for any value of m2 t2 . In particular, this expression can be integrated exactly for any m2 t2
and evaluated in terms of generalized hypergeometric functions,
2

2

hφ iquench − hφ i f ixed

!
!!
m2 t2 π
1
3 22
3 3
2 2
=
; 1, ; m t − 2 F3 1, 1; , , 2; m t .
1 F2
4π 2 t
2
2
2 2

(3.123)

Fig. 3.14 shows a plot of this expectation value as a function of mt. From the figure, we observe
that the linear growth (3.122) of the expectation value is only valid for mt  1. After that, the
expectation value continues to grow but in a slower rate. In fact, one can take the limit mt → ∞
in eq. (3.123) to find

 m
log(mt) .
lim hφ2 iquench − hφ2 i f ixed =
mt→∞
8π

(3.124)

Hence we see that for very late times, i.e., mt  1, the expectation value continues to
grow but only logarithmically. In any event, if we look into infinite future time, the expectation
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value is divergent. At first sight, this unbounded growth may seem counterintuitive since, for
example, it may seem that the physical work done by the quench will also diverge. However, if
we recall that eq. (3.56), the time rate of change of the energy density is given by the product of
this expectation value with the derivative of the mass coupling. For the mass profile (3.6), the
latter decays exponentially in time and hence the corresponding integral for the energy density
remains finite and well-defined, despite the logarithmic growth of the expectation value (3.124).
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Figure 3.14: (Colour online) Expectation value of φ2 as a function of time. We are in the limit
of t/δt  1. The solid curve corresponds to the full solution for any value of mt. The red
dashed line is the linear behaviour found in eq. (3.122) for mt  1. The orange dashed line
shows the logarithmic growth found in eq. (3.124) for mt  1. Finally, the inset zooms in the
region of small mt.
Let us now examine the question: why does the long time answer for smooth fast quench
as defined in this paper agree with the instantaneous quench result for mt  1. We need to
consider the validity of assumptions which were implicit in the above discussion. Our starting
point was eq. (3.118) which was found by taking the limit of coincident points in eq. (3.117).
However, the latter correlator was simplified by assuming late times as in eq. (3.116) but also
small δt as in eq. (3.114). While the late time assumption is certainly valid here, it is not clear
that the second assumption should hold. In particular, one expects that for sufficiently large
momenta that the inequalities in eq. (3.114) will be violated. However, if we examine the form
of the integrand in eq. (3.121), we see that it decays as roughly 1/p2 for large (dimensionless)
momentum. Hence we can expect that the dominant contributions to the integral come from
small and finite values of p. Further given that p = kt, we will certainly satisfy kδt  1 in
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the late time limit and hence eq. (3.114) will be satisfied. For example, one can make a simple estimate of the error introduced in ignoring the very high momenta as follows: Certainly,
eq. (3.114) is satisfied for k ∼ m and hence the integrand in eq. (3.121) is accurate for dimensionless momenta at least up to p = mt. Then an upper bound on the error in our result is
given by the integral from p = mt to ∞ but removing the factor of sin2 p. The final result of
this integration is a fixed constant, i.e., approximately 0.07 m. Hence at large mt, this upper
bound on the error is small compared to the results given in eqs. (3.122) and (3.124). In fact,
given that the numerical fits to the constant term were also good, this suggests that even this
approximation is a gross over-estimate of the error.
In fact we can check the validity of our approximation by comparing the full integrand of
eq. (3.112) in the limit of late times, i.e., by using eq. (3.109) for the out-modes, with the
approximate eq. (3.119). Let’s recall that eq. (3.112) is not assuming any relation between the
energies in the system and δt, while eq. (3.119) assumes ωδt  1 for every ω. Essentially, we
want to compare the integrands of
2

hφ i smooth

Z
1
=
Φ2 (k) dk
(3.125)
σs
!
Z
o
1
kd−2 n 2
? 2iωout t
?
−2iωout t
2
d−3
=
dk
|α~ | + α~k β~k e
+ α~k β~k e
+ |β~k | − k
,
σs
ωout k

where α~k and β~k are given by eq. (3.111), and
2

hφ iinstant

1
=
σs

Z

1
Φ (k) dk =
σs
2

Z
dk √

kd−4
k 2 + m2

!


2
2
2
d−3
k + m sin (kt) − k
,

(3.126)

for d = 3. Fig. 3.15(a) plots the integrands in these two expressions as a function of k and in
fact, there is no visible difference. The figure uses mδt = 10−3 and mt = 10 but similar results
hold for different values of these parameters. It is clear that the integrand decays rapidly, i.e.,
in fig. 3.15(a), it has become negligibly small around mk ∼ 5. Therefore the approximation
kδt  1 is effectively satisfied since even though we are integrating over all momenta in
the expressions above, the main contribution comes from very low momenta. The latter is
explicitly verified in fig. 3.15(b) which shows hφ2 i after both the smooth and the instantaneous
quench. As we show before, the instantaneous expression can be integrated analytically and the
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final result is given by the right-hand side of eq. (3.123) plus hφ2 i f ixed,ren = −m/(4π). This result
is shown in the figure with the solid blue curve. The purple points correspond to integrating
numerically eq. (3.125). We see good agreement between both expectation values. In fact, if
we compute the relative difference between them at late times, we see that it is of order 10−6
and hence we verify that both approaches give the same result at late times.
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(b) hφ2 iren as a function of time.

Figure 3.15: (Colour online) Analysis of the approximation of low energies and late times
in d = 3, with δt = 10−3 (where the units are set by m). Panel (a) shows the integrands
in eqs. (3.112) and (3.119) at t = 10 but there is not visible difference between the curves.
Panel (b) shows hφ2 iren as a function of mt. The solid blue curve corresponds to analytically
integrating the expression for the instantaneous quench, eq. (3.126) for d = 3. The purple dots
correspond to numerically evaluating the smooth quench expression of eq. (3.125). Again there
is no visible difference between the two approaches.
However, the same agreement does not hold in higher dimensions, as we will discuss in
detail in [17]. However, let us present the late-time limit of the smooth quench in d = 5
here. Recall that the desired expectation value is given by eq. (3.125) with d = 5. Although
this expression is quite complicated, we can integrate it numerically for different values of
mt and follow the evolution of the expectation value at late times, as shown in fig. 3.16 for
mδt = 10−1 .15 In the figure, the blue dots are obtained by evaluating the absolute value of
the hypergeometric, as we did in section 3.2.2. However, that analysis only allowed us to
15

We chose this value of mδt in order to compare with our previous results of section 3.2.2. Note that in that
section, we were using units of time measured in units δt and so a very small δt would yield a plot that is very
compressed around t = 0 in mt units.
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go relative short times, in units of 1/m. The evaluation of eq. (3.125) is shown in purple
dots for late times and we can see a nice continuity between the two approaches, showing its
consistency. The exponential fit of the purple dots also shows that the expectation value is
decaying as expected due to the exponential nature of the mass profile. Note that even though
the decay is exponential, it does not decay to zero, but to a finite value. One can perform
the analysis for different δt’s and see that in the limit of δt → 0, that constant approaches to
hφ2 i(t → ∞) ' 0.168 m3 /σ s . It would be interesting to have an analytical understanding of this
asymptotic value and also to generalize these results to higher dimensions.
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Figure 3.16: (Colour online) Expectation value of φ2 as a function of time with mδt = 10−1 .
The blue dots correspond to evaluating the expectation value as in section 3.2.2, while the
purple dots are those coming from numerically integrating eq. (3.125). The solid line shows a
fit by a function of the form f (mt) = a + b exp(−c mt), with parameters a = 0.136, b = 0.442
and c = 1.349.

3.3

Quenching a free fermionic field

Another way to test our universal scaling formulae in eqs. (3.2) and (3.3) is to quench an
operator with a different conformal dimension. In this section, we will be quenching the mass
of a free Dirac fermion ψ in d dimensional spacetimes. Then, our operator of interest will be
hO∆ i = hψ̄ψi, whose conformal dimension is ∆ = d − 1 and the corresponding coupling is the
mass λ(t) = m(t). It is interesting that in this case we should expect divergences to appear as
hO∆ iren ∼ δλ/δt2∆−d = δλ/δtd−2 and hence, even for low dimensional spacetimes with d = 2, 3
we should be able to find divergent behaviours.
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The calculations are analogous to those for the scalar field. In partiuclar, the situation

can be related to one of fermions in curved space-times, where analytic solutions are known
for specific mass profiles. Then one can compute the expectation values and find numerical
solutions. We will also be able to find analytical leading order solutions in the fast quench
limit when δt → 0. The main conclusion is that the scaling relations, (3.2) and (3.3), which
were originally discovered by the holographic analysis also hold in this case. Further, the
universal power-law scaling is enhanced by a logarithmic factor in the case of even d.
We will be following the conventions and notation of [20], where the problem of fermions
in flat FRW backgrounds is discussed. In this case, the equations of motion for a Dirac field Ψ
are not directly those that we are interested in, i.e., the Dirac equation with a time-dependent
mass. However, it is possible to do a confomal rescaling of the fields, Ψ = C(t)

1−d
2

ψ, where

C(t)2 is the expansion factor, and then, one finds that ψ satisfies the Dirac equation of motion,


iγµ ∂µ − m C(t) ψ = 0,

(3.127)

where we will define our time-dependent mass as m(t) = m C(t). The exactly solvable model
here requires C(t) = A + B tanh t/δt [20], and so
m(t) = m (A + B tanh t/δt) ,

(3.128)

in contrast to the scalar case (3.6), where it was the mass squared that had the tanh profile.
Solutions to eq. (3.127) are given by

 ~
ψ = γ0 ∂t + ik j γ j − m C(t) eik·~x φ~k (t),

(3.129)

where j denotes spatial coordinates and φ~k satisfies


φ̈~k + ~k2 + m2C 2 + mγ0 Ċ φ~k = 0.

(3.130)

For simplicity in the last expression we are not writing the time dependence on C or the fields
any more.
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Now, the full solution for fermionic field ψ can be written in terms of the in modes as

ψ=

r

Z

1
(2π)(d−1)/2

d

d−1

k

2d/2−1

min X 
ain (k, λ)Uin (k, λ, x, t) + b†in (k, λ)Vin (k, λ, x, t) ,
ωin λ=1

(3.131)
where
r
1 ωin + min
Uin (k, λ, x, t) = −
k
2min
r
1 ωin + min
Vin (k, λ, x, t) = −
k
2min



~
−i∂t + ik j γ j − m C φin(−)
(t)eik·~x u(0, λ),
k


~
i∂t − ik j γ j − m C φin(+)∗
(t)e−ik·~x v(0, λ),
k

(3.132)

and the sum over the spinor index λ runs up to 2(d−3)/2 if d is odd. Here u(0, λ) and v(0, λ) are
constant basis spinors, the ω’s here and below are defined as in eq. (3.14) and min = m(t = −∞).
Further, ain and bin are operators that annihilate the in-vacuum.

It can be shown that this solution reproduces the corresponding solutions for flat space
at infinite past and infinite future — see [20]. For the tanh mass profile (3.128), there exist
analytic solutions for φ~k that are of the form

φkin(±) (t) = exp −iω+ t − iω− δt log(2 cosh t/δt) ×

(3.133)
1 + tanh t/δt
,
2
!

2 F1

1 + iω− δt ± imBδt, iω− δt ∓ imBδt; 1 − iωin δt;

where 2 F1 is the usual hypergeometric function. Note that this solution is similar but not equal
to that appearing for the scalar field modes (3.13). Further, we will again focus on quenches to
the critical point, where A = −B = 1/2.

Now we are interesting in finding the time evolution of the mass operator ψ̄ψ through the
quench. This is given by

hψ̄ψi ≡ h0, in|ψ̄ψ|0, ini =

Z

dd−1 k
(2π)

d−1
2

! 2d/2−1
min X
V̄in Vin ,
ωin λ=1

(3.134)
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that after some algebra it turns to
ωin + min
hψ̄ψi =
ψdiv (k)dk =
k
2min




× m2 (t) − k2 |φ~k |2 + |∂t φ~k |2 − 2m(t)Im φ~k ∂t φ~∗k ,
σ−1
f

Z

Z

−σ−1
f

d−4

min
dk
ωin

!

!

(3.135)

where φ~k is actually φ~in(+) and σ f is a numerical factor that depends on the spacetime dimension
k

as

d−1

1−d/2


(2π) 2 /Ωd−2
 2
σf = 


 (2(3−d)/2 )(2π) d−1
2 /Ω
d−2

for even d ,
for odd d .

(3.136)

As in the case of scalar fields, this expectation value is in general UV divergent so we need
to regulate the result by subtracting the appropriate counterterm contributions
hψ̄ψiren ≡

σ−1
f

Z

dk(ψdiv (k) − fct (m(t), k)) .

(3.137)

These counterterm contributions can again be found as for the scalar field in section 3.2.1.1. In
this way, we find that
m(t)3 d−5 3m(t)5 d−7
k −
k +
(3.138)
2
8
!
1 2
1 4
5m(t) 
d−5
2
+ ∂t m(t)k −
∂ m(t) +
∂t m(t)∂t m(t) + m(t)∂t m(t) kd−7 ,
4
16 t
8

fct (m(t), k) = −m(t)kd−3 +

are all the necessary terms needed to regulate theories up to d = 7. Note that again contributions
with time derivatives of the mass profile appear, now from d = 4 onwards. Further, the first
line of eq. (3.138) corresponds to the counterterms that would appear in order to regulate the
expectation value for a constant mass.
Given this finite expectation value (3.137), we are able to evaluate it numerically for all
dimensions and different values of the quench rate δt. The results are shown in fig. 3.17. Note
that in these plots, we are subtracting the expectation value in the adiabatic case, for which we
are using δt = 10. We verified that the adiabatic expectation value is independent of δt as long
as δt is large enough.
As in the scalar case, we should distinguish between odd and even spacetime dimensions.
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In the case of even d, we also get logarithmic divergences (apart from the usual power-law
divergences), that need extra renormalization scales in order to avoid infinities near k = 0.
Much in parallel to the scalar case, this will generate a logarithmic enhancement of the scaling
behaviour in the expectation value.
We can appreciate how the expectation values grow as we decrease δt in different dimensions in fig. 3.17. Note that in contrast with the scalar case, now we can see large growth
appears as low as d = 2. In order to quantify the precise nature of this growth, we compute
the expectation value at a fixed time t = 0 for a larger range of δt and plot it in a log-log scale
in fig. 3.18. Even though the choice t = 0 appears not to be appropriate to find the expected
logarithmic enhancement, the figure and the linear fits there support completely the expected
power-law scaling hψ̄ψiren ∼ m/δtd−2 . Again, if we do the same exercise but at a slightly shifted
time, we find that in even dimensions there is a logarithmic enhancement of the divergences.
This behaviour will be supported soon by analytical results in computing the expectation value.
For now, we can only say that there is a logarithmic growth in d = 2 that is in agreement with
previous holographic results.
As in the case of scalars, one can recognize certain relationship between the expectation
values and time-derivatives of the mass by looking at the plots of fig. 3.17. What we will show
next is that if we compute the leading contribution in the limit of δt → 0, we’ll find precisely
those mass derivatives.
The procedure is exactly the same as in the scalar case. We define dimensionless variables
q = kδt and κ = mδt and then use the hypergeometric series expansion to get the leading terms
in a κ-expansion. To get the counterterms to that order we can also expand for large q. The
difference in this case is that the expectation value given in eq. (3.135) also requires to compute
the time-derivative of the hypergeometric function and in general, this can be an involved task.
However, we should notice that the only time dependence in the hypergeometric function is in
the last argument, i.e., z = (1 + tanh t/δt)/2. The rest of the coefficients do not depend on time.
Then,
∞

∞
X (a)n (b)n z(t)n  X
(a)n (b)n z(t)n−1


∂t (2 F1 (a, b; c; z(t))) = ∂t 
(2z(t) − 2(z(t))2 ),
 =
(c)
n!
(c)
(n
−
1)!
n
n
n=0
n=0
(3.139)
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Figure 3.17: (Colour online) Renormalized expectation values of ψ̄ψ as a function of time. The
different curves correspond to δt = 1/1, 1/2, · · · , 1/10. The curves are so that higher peaks (in
absolute value) correspond to smaller δt. Note also that we are plotting the expectation value
multiplied by the numerical constant σ f that depends on the spacetime dimension. Also note
that we are subtracting at each time the expectation value in the adiabatic case, for which
we are using δt = 10. In even spacetime dimension d, the plots corresponds to having the
renormalization scale set to k0 = 1.

where we use the usual trigonometric identities to express the time-derivative of z(t) as a function of z(t) itself. With this in mind, we can expand our hypergeometric series and note again
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Figure 3.18: (Colour online) Expectation value hψ̄ψiren (t = 0) as a function of the quench times
δt for spacetime dimensions from d = 2 to d = 7. Note that in the plot, the expectation values
are multiplied by a numerical factor σ f depending on the dimension. The slope of the linear
fit in each case is shown in the brackets beside the labels. The results support the power law
scaling hψ̄ψiren ∼ δt−(d−2) .

that only the few first terms are needed in order to get the leading order κ behaviour. For odd
d ≥ 3, we obtain
hψ̄ψiren = (−1)

d−1
2

π
2d−1 σ

1−d
∂d−2
),
t m(t) + O(δt

(3.140)

f

which correctly gives the expected scaling behaviour mδt2−d . Fig. 3.19 shows how the numerical solutions approximate this leading order analytic term as δt → 0.
For even d the situation is again a little bit different, since we have an extra logarithmic
term. Then we can define


2−d
hψ̄ψiren = σ−1
ψ
log(k
δt)
+
ψ
δt
+
·
·
·
,
1
0
2
f

(3.141)

where k0 is the renormalization scale. Then, the universal term yields, for d ≥ 4,
(−1)d/2+1 d−2
ψ1 =
∂t m(t).
2d−2

(3.142)

In contrast, ψ2 is much more complicated and we expect that it is not universal. For the present
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Figure 3.19: (Colour online) hψ̄ψiren δtd−2 for different values of δt and different odd spacetime
dimensions d. As the curves approach the leading order analytic solution (3.140) shown with
the dashed red line, δt gets smaller, with solid (numerical) curves going from δt = 1 to δt =
1/10. For d = 3 we also included the curves with δt = 1/50 and 1/100.
tanh quenches, ψ2 can be written as
ψ2

h
X



h−1
x−2
X

 z(t) j−x+1 Y
xd−2
x

= − lim
(−1)
log(x )
z(t)
( j − i) +
h→∞
2
(x − 1)! i=0
x=2
j=1
!
x−1
h
d−2
Y
X
2 1
h+1
x+d/2 x
log(x )
(h − i) ,
+
z(t) (−1)
2
(x)! i=0
x=2
x+d/2+1

2

(3.143)

where again z(t) = 0.5 + 0.5 tanh(t/δt).
As in the case of the scalar field, these results support the holographic scaling where powerlaw growth is enhanced by a logarithmic factor in even d. We can appreciate these additional
logarithmic factors by looking at figs. 3.20(a) and 3.20(b). There we divide out by the expected
power-law scaling and we still see that the expectation value is growing as we decrease δt.
Finally, by using both eqs. 3.142 and 3.143, in figs. 3.20(c) and 3.20(d), we can see that the
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numerical solutions approach the analytical leading term for sufficiently small δt’s.
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Figure 3.20: (Colour online) hψ̄ψiren for different values of δt in d = 4 and 6. In panels (a)
and (b), we only divide by the expected power-law scaling. As we reduce δt from δt = 1/10
to δt = 1/100 for d = 4 and from δt = 1 to δt = 1/10 for d = 6, we see that the expectation
value still grows, indicating the presence of an extra logarithmic factor. If we take the latter
into account and divide by it as well, we find panels (c) and (d), where we see that the curves
now converge towards the analytic expression (red dashed line).

3.4

Quenches in general interacting theories

Both the results in [16] and in this paper show that different observables in free field theories after a smooth fast quench obey the same universal scaling relations as in quenches in
holographic theories, as shown in [14, 15]. As the holographic CFT’s are implicitly strongly
coupled, we seem to have found the same scaling at two ends of the spectrum of possible in-

98

Chapter 3. Universality in fast quantum quenches

teracting quantum field theories. Hence we should expect that the same result holds for a large
variety of quenches in a wide range of interacting theories. In this section, we give arguments
that the universal scaling in eq. (3.2) appears quite generally for fast quenches. The crucial
assumption will be that the interacting theory which is being quenched approaches a UV fixed
point, i.e., its UV properties can be described by an appropriate CFT.

To motivate the general argument, we begin by considering quenches with a pulse profile
in a CFT, as presented in [16]. In this case, we can use conformal perturbation theory. The
starting point is a CFT which is deformed as follows
S = S CFT +

Z

dd x λ(t) O∆ (x),

(3.144)

where O∆ is a relevant operator with dimension ∆ < d. We assume the profile for the corresponding coupling λ(t) has the form
λ(t) = δλ h(t/δt) ,

(3.145)

where δλ is the maximum coupling value and h(y) is some smooth function that goes from 0
to 1 and back to 0 (at least roughly) in the interval y = 0 to 1. Then, our coupling (3.145)
has the form of a pulse in the time interval t ∈ [0, δt] with a maximum δλ. Note that this
form essentially matches that of the profile (3.80) that we analyzed in section 3.2.3. There the
mass profile was a pulse that goes from the critical point (i.e., the massless theory) to the same
critical point after passing through some maximum mass at t = 0. Clearly this condition is not
strictly necessary to obtain the universal scaling (3.2), as we have shown in quenches with a
tanh profile for both the scalar and fermion masses yield the same scaling. However, the above
framework will help to formulate our general argument.

Basically, since our theory is critical at both infinite past and infinite future (and anywhere
outside the interval t ∈ [0, δt]), we can calculate the expectation value of our operator using
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conformal perturbation theory, which yields
Z

hO∆ (0)i = hO∆ (0)iCFT − δλ dd x h(t/δt) GR (x, 0)
Z
Z
δλ2
d
+
d x h(t/δt)
dd x0 h(t0 /δt) K(x, x0 , 0) + · · · ,
2

(3.146)

where all expectation values are evaluated in the critical (conformal) field theory. Now, the first
term in the RHS vanishes because O∆ is a relevant operator, so its expectation value hO∆ (0)iCFT
must vanish. The second term is the linear response term where the retarded correlator is given
by
GR (x, 0) = iθ(t) h [O∆ (x), O∆ (0)] iCFT .

(3.147)

The next-to-leading term is given by three-point correlator,
K(x, x0 , x00 ) = θ(t − t0 )θ(t0 − t00 )h|(O(x0 )O(x00 )O(x) + O(x)O(x0 )O(x00 )|iCFT
+θ(t − t0 )θ(t − t00 )h|O(x0 )O(x)O(x00 )|iCFT

(3.148)

As in the free field cases analyzed in this paper, the expression in eq. (3.146) is usually UV
divergent so we need to regulate it by adding counterterms in order to get a finite expectation
value. We will assume that renormalization can be done without problems to have a finite value
that only depends on two renormalized parameters, δt and δλ. This assumption relies on the
fact that, as mentioned in [25, 26], we do not expect that the quench protocol would lead to any
unconventional RG flows.
It is natural to expect that these counterterms are precisely given by the adiabatic expansion, as we have seen explicitly for the free field theory. Again, the reason is that the UV
contributions to these quantities are insensitive to the quench rate so long as the rate is slow
compared to the UV cutoff scale. Our protocol is chosen such that the rate is fast compared to
the scale of the relevant coupling, as in eq. (3.1), but always slow compared to the UV cutoff,
i.e., Λδt  1. For free field theories, it is easy to perform the adiabatic expansion since all
we had to do is solve the wave equation in a WKB expansion, as described in section 3.2.1.1.
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For interacting theories, this is no longer the case and we have to use the standard procedure in
quantum mechanics starting with an expansion of the wave functional in terms of instantaneous
eigenstates of the (time-dependent) Hamiltonian.
Now, as all correlators in eq. (3.146) are CFT correlators, they should be independent of
the parameters δλ and δt. So, basically, δt will set the scale for the integrals and dimensional
analysis will fix the form of all the possible terms in the expectation value. This means that
hO∆ (0)iren = a1 δλ δtd−2∆ + a2 δλ2 δt2d−3∆ + · · · ,

(3.149)

where the constants an are finite numbers by assumption. Then, we can see that the first
term, the linear response, is responsible of producing the universal scaling found, i.e., hO∆ i ∼
δλ/δt2∆−d . However, we still have an infinite set of nonlinear contributions and so the next
step is to show that the these become negligible once we take the limit of fast quenches (3.1).
For that, it will be easier to define a dimensionless effective coupling, g ≡ δλδtd−∆ , so that
eq. (3.149) becomes simply
hO∆ (0)iren = (δt)−∆ [ a1 g + a2 g2 + · · · ] .

(3.150)

That is, conformal perturbation theory (3.146) has expressed the expectation value in terms of
a series expansion in terms of the dimensionless coupling. The quenches we are considering
correspond to keeping δλ fixed, while taking δt → 0. This means that we are taking our
effective coupling small, i.e., g → 0, since we are quenching a relevant operator with ∆ < d.
Hence with these protocols, the expansion (3.150) is a very effective perturbation expansion
and the leading behaviour is determined by just the first term, Of course, as we already noted,
this term gives the desired scaling that was found in our previous calculations. We should
note that any pulsed quench will then give the desired scaling, independent, for instance, of
the underlying CFT. Hence the present argument encompasses both the holographic CFTs of
[14, 15] and the massless free fields studied here in previous sections.
In our discussion of free field quenches, we found that the universal scaling behavior (3.2)
is valid for profiles which are lot more general than the pulses considered above. Indeed, we
now argue that the same scaling applies for general profiles subject to certain constraints and
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for general field theories subject to the assumption that the UV properties are described by a
conformal fixed point.16 That is, we regard our original theory as emerging from an RG flow
away from some perturbed CFT in the UV with the action
S init = S CFT +

Z

dd x λ0 O∆ (x) ,

(3.151)

where λ0 is the coupling constant for some relevant operator O∆ (x). Now consider a quench
where the profile of the coupling λ(t) only varies in the time interval t ∈ [0, δt]. At early times,
λ(t) will simply be fixed at λ0 while after the quench it will take another constant value λ1 . For
example, consider a coupling which interpolates between constant values λ0 and λ1




λ0





λ(t) = 
λ0 + δλ F(t/δt)






 λ1 = λ0 + δλ F(1)

for t < 0 ,
for 0 ≤ t ≤ δt ,
for t > δt .

We leave the details of the function F(y) unspecified other than F(y ≤ 0) = 0 and F(y ≥ 1) = 1
and the maximum is finite with Fmax ≥ 1. Further this profile may dip below zero by some
finite amount and so we specify the minimum as Fmin ≤ 0. Implicitly, we are also assuming
that the profile is smooth. Now we will work in the regime where
λ0 δtd−∆  1 , λ1 δtd−∆  1 ,

(λ0 + Fmax δλ)δtd−∆  1 ,

(λ0 + Fmin δλ)δtd−∆  1 . (3.152)

We will calculate the expectation value of the operator at some time t which is earlier than (or
soon after) t = δt. Now motivated by the conformal perturbation expansion in eq. (3.146), we
evaluate the change in hO(t)i relative to the initial theory (3.151) by expanding in δλ, i.e.,
Z

t

Z

hO(~x, t)i − hO(~x, t)iλ0 = −δλ
dt F(t /δt) dd−1 ~x0GR,λ0 (~x − ~x0 , t − t0 )
(3.153)
0
Z
Z
Z t
Z
δλ2 t 0 0
d−1 0
00
00
dt F(t /δt) d ~x
dt F(t /δt) dd−1 ~x00 Kλ0 (t0 , ~x0 ; t00 , ~x00 ; t, ~x) + · · · ,
+
2 0
0
0

0

where GR,λ0 denotes the retarded Green’s function for the deformed CFT in eq. (3.151) and
16

In many respects, the following argument closely resembles the holographic analysis in [15].
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similarly Kλ0 denotes the analogous three-point correlator (3.148) in this deformed theory. Of
course, the first term in this expansion corresponds to the linear response. In writing the explicit
range for the time integrals in eq. (3.153), we have used the fact that the function F(y) vanishes
for y ≤ 0. Since all of the correlators in the above expansion are retarded, i.e., only have support
within the past light-cone, the spatial integrals are also limited to a range of order t ≤ δt. That
is, the integrals in eq. (3.153) only receive nonvanishing contributions from correlators where
the operators are separated by a proper distance of less than O(δt). Now the fast quench regime
defined by eq. (3.152) implies that these separations are all small compared to the inverse mass
scales of the quenched theory. Hence the correlators will basically be the same as the CFT
correlators, in eq. (3.146) and up to small corrections, the integrals again all scale with the
power of δt determined by dimensional analysis. Therefore the change in the expectation value
takes a general scaling form,
hO∆ (t)iren − hO∆ (t)iren,λ0 = (δt)−∆ [ b1 (t/δt) g + b2 (t/δt) g2 + · · · ] .

(3.154)

with none of the IR scales defining the deformed theory appearing in the problem. Again, the
leading behaviour is determined by the linear response, i.e., the term linear in the dimensionless
coupling, and hence the change in the expectation value has the desired scaling, δλ δtd−2∆ .
Further, the diffeomorphism Ward identity (3.56) still applies in the present context. Hence
energy is only injected into the system while ∂t λ(t) is non-vanishing, i.e., only in the interval
0 < t < δt. But this is precisely the interval in which the change in the expectation value was
evaluated in eq. (3.154) above. Now if we further assume that ∆ > d/2, then this change will
be large compared to the unquenched expectation value in the fast regime. Hence integrating
the right hand side of eq. (3.56) will lead to the expected scaling of the energy, as given in
eq. (3.3).
Hence we have argued that the universal scaling in eqs. (3.2) and (3.3) will emerge for a
broad variety of quenches in a wide class of interacting field theories. Of course, the above
framework could be made even more elaborate, e.g., by introducing further deformations in the
initial theory (3.151). Again, the first essential ingredient in our argument was that the interacting field theory under study can be considered to emerge in the infrared from an RG flow
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away from a conformal fixed point in the UV. Further, we are considering fast quenches where
the quench rate 1/δt is much larger than any of the IR mass scales defining the initial theory
or appearing in the quench protocol. The upshot of this is that when δt is the smallest physical
length scale in the problem, the early time response is entirely governed by the conformal field
theory at the UV fixed point, which explains its universality. In particular, the scaling behavior
is independent of the details of the protocol so long as eq. (3.152) is obeyed.
We can extend this discussion to make explicit the independence of the scaling behavior
from the initial and final mass scales appearing in the quenches of the free field theory in
section 3.2.4. As we have seen above, the leading result is given by the linear response. Hence
we consider the linear response answer for hφ2 i in free scalar field with a mass profile similar
to one considered there, i.e., a profile which interpolates between m2i and m2f = m2i + δ(m2 ) with
m2 (t) = m2i + δ(m2 ) F(t/δt)

(3.155)

where the function F(y) rises from zero around y = 0 and quickly settles to 1 soon after y = 1.
The intitial and final masses, as well as δm are small compared to the quench rate
mi δt  1 ,

m f δt  1 ,

δmδt  1 .

(3.156)

The change in the expectation value is given by a generalization of eq. (3.101)
h0|φ2 (~x, t)|0iin −h0|φ2 (~x, t)|0iin |δm2 =0
Z t
Z
q
dd−1 k
1
2
0
0
0
dt F(t /δt) sin[2(t − t ) k2 + m2i ]
= −δ(m )
2
d−1
2
(2π)
2(k + mi ) 0
(3.157)
where we have used the fact that the function F(y) vanishes for y < 0.
To estimate this, consider for example a function F(x) which is piecewise constant




0





F(y) = 
F0






 1

for y ≤ 0
for 0 < y < 1
for y ≥ 1
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Then for any t ≤ δt, eq. (3.157) becomes
h0|φ2 (~x, t)|0iin −h0|φ2 (~x, t)|0iin |δm2 =0
Z
2
4−d
= −F0 δ(m )δt

p
2 t
dd−1 q sin [( δt ) q2 + (mi δt)2 ]
(2π)d−1
(q2 + (mi δt)2 )3/2

(3.158)

where q = kδt. Clearly m f has dropped out of this expression. Furthermore to the leading order
in the limit (3.156), the integral in (3.158) becomes independent of mi as well. This leading
answer is the same as in the case of a quench from a CFT.
Note that if we use the expression (3.153) for times much longer than δt, we will need
to address issues of infrared divergences associated with conformal perturbation theory for
constant deformations [28]. For the question we are addressing here, we do not need to do this.
For a recent discussion of our scaling result in a theory with an infrared regulator, see [29].

3.5

Conclusions

In this paper, we have expanded on the results of fast but smooth quantum quenches that we
previously presented in [16], and extended the results to more general quenches. We have
given details of our calculations in free field theories, where both numerically and analytically
we obtain the same scaling relations as in previous holographic studies of the same kind of
quenches [14, 15]. This universal behavior in the early time response was found in a variety of
quench protocols which interpolate between arbitrary constant masses so long as the quench
rate 1/δt is large compared to all other physical mass scales in the problem. In section 3.4,
we provided a general argument that the universal scaling in eqs. (3.2) and (3.3) will appear in
fast quenches of any quantum field theory which flows from a conformal fixed point in the UV,
i.e., for any theory that can be described as a CFT deformed by some relevant operator(s). The
scaling is purely a property of the UV conformal field theory, which emerges at early times as
long as the duration of the quench is short compared to all other physical length scales in the
problem, as in eq. (3.4).
A key ingredient in our work, and in the corresponding holographic studies [14, 15], is the
renormalization of the underlying quantum field theory. Bare quantities, such as the expecta-
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tion value hO∆ i, are UV divergent and counterterms are needed in order to extract physically
meaningful quantities. The problem here for quenches is quite similar in spirit to quantum field
theories in curved space-times, e.g., [18–20]. In that case, the required counterterms involve
operators made out of quantum fields, as well as curvature tensors of the background spacetime. As discussed in section 3.2.1.3, for a global quench with a time-dependent mass, we
need to add counterterms involving time derivatives of the mass function. In fact, to properly
renormalize the expectation value of the stress tensor, we should also consider the theory in a
curved background and include additional counterterms involving curvatures — even if we are
only considering these expectation values in a flat space background.
However, we are still left with the problem of determining the precise coefficients of the
counterterms which render the renormalized observables finite. We argued that these coefficients can be determined by examining the quenches in an adiabatic limit and in section
3.2.1.1, we demonstrated explicitly how to construct the necessary counterterms order by order in the expansion for slow quenches. Moreover, this procedure does not depend on any
specific mass profile and so, the resulting counterterms should be universal. We verified that
claim by correctly regulating quenches with a variety of different mass profiles using the same
counterterms. Of course, it may appear surprising that an adiabatic expansion, which is an
expansion in time derivatives, yields the correct counterterms for a fast quench. We argued that
the physical reason behind this is that high momentum modes won’t see whether the quench
is fast or slow, so long as the quench rate is smaller than the cutoff scale Λ. In our cases we
managed to take that cutoff to infinity while renormalizing the physical quantities, so we could
expect that the counterterms would be the same in both slow and fast quenches. It would be interesting to test these assumptions in interacting field theories. Quenches in the large-N vector
model, for instance, have been studied previously in the literature [27]. This would be a good
place to make explicit calculations and verify whether our intuition holds even when we have
interacting theories.

Renormalized observables
As emphasized above, our considerations refer to the renormalized quantities which require
‘removing’ various UV divergences in our calculations. While this is, of course, the standard
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approach in quantum field theory, one may still ask how our renormalized observables would
be related to measurements made in a physical experiment, where implicitly there is a finite
UV cutoff? As a simple analogy, let us consider a quench which consists of suddenly applying external pressures to a crystal. The phonons in the crystal would provide the analog of
our quantum fields, i.e., at least in a certain regime, they would have a QFT description. The
quench will ‘excite’ the final state of crystal in two ways. Naturally, the quench will generate
phonon excitations in the crystal but the external pressure may also deform the crystal structure in the final configuration e.g., modifying the dispersion relation for the phonons. The work
done in deforming the crystal structure would then be the analog of the changes in the divergent
‘zero-point’ energy that appears in the bare expectation value hEi and which is subtracted by
introducing mass-dependent counterterms to produce the renormalized energy density. Similarly, the energy available in the phonon excitations would correspond to the final hEiren . The
latter is the energy that can be accessed and manipulated by probing the system with local
operators. Let us add for the analogy of the crystal quench becomes more precise if we also
insist that the quench time δt is larger than the lattice spacing, which provides the UV cutoff
scale. However, note that in this analogy, we have a cutoff which is itself time-dependent. This
feature is quite different from the framework studied here where the cutoff is always fixed. Of
course, more precise analogies without this defect could be developed, e.g., by considering
cold atoms trapped in a two-dimensional optical lattice where the transverse potential is made
to vary in a time-dependent but spatially homogeneous manner.
While the above analogy should make clearer the role of bare and renormalized quantities
in a physical system with a finite cutoff, one may still ask what quantities would appear in
experimental measurements. Answering this question becomes even more complicated for
even dimensions, where in section 3.2.1.1 we found that logarithmic divergences introduced
various renormalization ambiguities. Such ambiguities were also discussed in the holographic
context in [14, 15]. The resolution there is that various fiducial experimental measurements
would be made to fix these ambiguities. For example, examining eq. (3.37) for d = 4, we find
that there will be two such logarithmic terms.17 However, with some thought, we can see that
the associated renormalization scales can be fixed by first measuring hφ2 iren and hEiren at some
17

These are the terms proportional to Λd−4 , i.e., with coefficients s20 and s51 .
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fixed finite mass.
Implicitly in the previous discussion but more generally, we can work with quantities which
are free of UV divergences by comparing expectation values at different times or in different
quenches. For example, as discussed in section 3.2.7, the difference hφ2 iquench − hφ2 i f ixed appearing in eq. (3.123) is completely finite for quenches in d = 3. Similarly, one can produce
UV finite quantities by comparing the results for different quench protocols or by quenching
different initial states with the same quench protocol, as in briefly discussed in appendix 3.7.
Of course, another family of UV finite observables would be correlators measured with finite
separations, e.g., as in eq. (3.112). Further, one may be able to find evidence of universal
scaling in the early time response with a strategic choice of the positions in the correlator.
Of course, it would also be interesting to analyze cases where the cutoff remains finite, e.g.,
in some lattice model. Though the analysis would be more complex in such a case, we expect
that our universal scaling properties should emerge in the regime where the scales are properly
distinguished, i.e., in a regime where Λ  1/δt  m. In fact, one might expect that as 1/δt
approaches the cutoff scale, one would recover the results of an instantaneous quench.

Comparison to instantaneous quenches
Finally, we should comment on the relation between our smooth quenches and the instantaneous (or abrupt) quenches that are usually studied in the literature [5–7]. Some preliminary
discussion of the comparison between these two classes of protocols was given in section 3.2.6
— see also section 3.2.7 — and a more detailed discussion will appear in [17]. Here, the universal scaling in eqs. (3.2) and (3.3) suggests that divergences will appear as δt → 0 (whenever
∆ ≥ d/2). This would seem to contradict instantaneous quench results. However, as we already
discussed in [16], these two types of quenches are different: while the present quenches evolve
smoothly in a time-dependent scheme, the instantaneous quench approach can be thought as
the evolution of a far-from-equilibrium initial state evolving under a fixed, time-independent,
Hamiltonian. The scalings discussed in this paper hold for renormalized quantities and as emphasized above, the renormalization procedure demands that the quench rate is slow compared
to the UV cutoff scale. On the other hand, instantaneous quenches necessarily involve quench
rates which are fast compared to all scales, including the UV cutoff. Indeed we have explicitly
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shown that for free field theories, the momentum space correlator agrees with that for an instantaneous quench only when the momenta are small compared to the quench rate 1/δt. Local
quantities, like the one-point function of the mass operator or the energy density, involve an
integral over all momenta and so this condition does not hold.
However, this constraint above may still hold effectively if the contributions to the integral
at high momentum are suppressed for other reasons. One case where the latter might apply is
at late times after the quench. The intuition behind is that at late times, we expect only low
energies (or momenta) contribute and hence the observables for fast smooth quenches and for
instantaneous quenches may agree at late times. Section 3.2.7 presents some preliminary evidence for this conclusion. In the free bosonic theory for d = 3, we found that at sufficiently
late times, the one point function becomes independent of δt and grows logarithmically in time.
Further, this late time growth exactly agrees with the result from an instantaneous quench. For
d = 5, we showed that the late time result for a smooth fast again becomes independent of
δt as δt → 0. However, as we will discuss in [17], this answer only roughly agrees with the
expectation value at late times after an instantaneous quench. More generally, the expectation
values generated by the two different protocols fails to agree even at late times in higher dimensions [17] and hence the precise agreement in d = 3 is quite exceptional. However, the
disagreement found more generally should come as no surprise since the expectation value hφ2 i
involves a momentum integral up to the cutoff scale where, as we already argued, agreement
should not be expected. However, we should add that a detailed analysis reveals agreement for
the late time correlators at finite spatial separations which are large compared to δt. Again a
full discussion of these issue will be presented in [17].

Higher spin currents
One interesting feature of the free field theories studied here is that they contain an infinite
family of conserved higher spin currents. In section 3.2.2.6, we began a study of the response
of the higher spin currents in fast smooth quenches. In particular, we discussed the construction of the higher spin currents in the case of massive free fields — see also appendix 3.6.
This construction naturally leads directly to a generalization of the diffeomorphism Ward identity (3.56) for the higher spin currents. In general, there is a hierarchy of generalized Ward
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identities (3.78), which can be used to understand how the ‘work’ done in varying the mass
parameter changes the various higher spin ‘charge densities.’ In the fast quench regime (3.1),
the latter yields a simple universal scaling property (3.79) for these higher spin densities, i.e.,
(s)
h jt···t
i ∼ (m2 ) 2 +1 /δtd−4 . Of course, for spin-2 and spin-0, these are scalings of the energy dens

sity and the mass operator, in accord with eqs. (3.2) and (3.3). We explicitly carried out this
construction and demonstrated the corresponding scaling for the spin-4 current. Hence it will
be interesting to explicitly construct all of the massive higher spin currents and to explicitly
find the corresponding generalized Ward identities. Of course, it would also be interesting to
develop a better intuition for the physical meaning of this hierarchy of Ward identities and the
resulting universal scaling.
Finally it would be interesting to make a connection to the physics of Kibble-Zurek scaling
[2, 3], which arises in the regime of slow quenches. One could, e.g., consider a time-dependent
mass which interpolates between finite values but vanishes at some intermediate time. In this
case, one would expect Kibble-Zurek scaling to hold when the quench rate is slow compared
to the initial mass. Further as the quench rate is increased, one should find a crossover to the
scaling discussed in this paper. We leave this interesting problem for future study.

3.6

Appendix A: Conserved higher spin currents for a massive scalar

In this Appendix, we will show explicitly how to construct the spin-4 current for a massive
scalar field from the corresponding current for the massless conformally coupled scalar — see
eq. (3.66).
The massless spin-4 current reads
j(4)
abcd =

1 ∗
1
1
1
1
φ ∂abcd φ +
φ∂abcd φ∗ −
∂a φ∗ ∂bcd φ −
∂a φ∂bcd φ∗ +
∂ab φ∂cd φ∗ +
576
576
36
36
16
1
1
1
1
∗
+ ηab ∂e φ∗ ∂cde φ +
ηab ∂e φ∂cde φ∗ −
ηab ∂ce φ∂de φ∗ +
ηab ηcd ∂e f φ∂e(3.159)
fφ ,
96
96
32
384

where the traces coefficients have been chosen to make the current traceless and the whole
expression should be symmetrized in all four indexes. When we take the divergence, it is
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straightforward to verify that this current is conserved:
1
1
1
1
∂b φ∂aacd φ∗ −
∂b φ∗ ∂aacd φ −
∂aa φ∂bcd φ∗ −
∂ a φ∗ ∂bcd φ
48
48
144
144 a
1
1
1 ∗ a
1
+ ∂cd φ∗ ∂aab φ +
∂cd φ∂aab φ∗ +
φ ∂ abcd φ +
φ∂aabcd φ∗
32
32
576
576
1
1
1
a
e
∗
a ∗ e
+
ηbc ∂ φ∂ ead φ +
ηbc ∂ φ ∂ ead φ −
ηbc ∂da φ∂aee φ∗
192
192
384
1
−
ηbc ∂da φ∗ ∂aee φ = 0,
(3.160)
384

∂a j(4)
abcd = −

as all terms have ∂aa φ or its conjugate, which vanishes because of the equations of motion in
the massless case. To generalize eq. (3.159) to the massive case, we will need to add terms
proportional to the mass squared, so that all these terms now are cancelled but upon evaluation
in the massive equation of motion ∂aa φ − m2 φ = 0. So, for instance, the first term in the RHS
2

of eq. (3.160) should be cancelled with one of the form + m48 ∂b φ∂cd φ∗ .
Now, all the possible m2 terms we can add to the current are of the form
h
i
2
2
∗
∗
∗
∗
e
∗
(φ
)
(∂
)
j(4)m
=
m
η
A
∂
φ
+
φ∂
φ
−
B
φ
∂
φ
+
∂
φ
∂
φ
+
C
η
∂
φ
∂
φ
,
ab
cd
cd
c
d
d
c
cd
e
abcd
where A, B, C are constants to be determined (as always, the most general form of the current
should be symmetrized). By taking the divergence we obtain,

2

∂a j(4)m
abcd

= 3(A − 2B) (∂b φ∂cd φ∗ + ∂b φ∗ ∂cd φ) + 3A (φ∗ ∂bcd φ + φ∂bcd φ∗ ) +
3(A − B + 2C) (ηbc ∂a φ∂ad φ∗ + ηbc ∂a φ∗ ∂ad φ) +
(3.161)


+3A ηbc φ∗ ∂aad φ + ηbc φ∂aad φ∗ − 3B ηbc ∂aa φ∗ ∂d φ + ηbc ∂aa φ∂d φ∗
2

(4)m
and so, we are left with a 3×3 system to solve for A, B, C in order to have j(4)
abcd + jabcd conserved.

This gives A = 1/576, B = 1/384, C = 1/1152. But we still need to add terms proportional to
m4 in order to cancel the terms that appear in the last line of eq. (3.161). For those we just need
to add
4

4
∗
j(4)m
abcd = −3m (A − B)ηab ηcd φ φ,

(3.162)
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and then we have the full generalized 4-spin conserved current for the case of a massive scalar
field.
We can do an analogue procedure in any spacetime dimension and we get
j(4)
abcd

=

j(4)m=0
abcd

!
!
m2 ηab
d (2)
d
(2)
(2)
2
+
j +
+ 1 j2 + j3 + m j0 ,
4(d/2 + 2)!(d/2)! 2 1
2

(3.163)

where
j(2)
= φ∗ ∂cd φ + φ∂cd φ∗ ,
1

(3.164)

= −∂c φ∗ ∂d φ − ∂c φ∂d φ∗ ,
j(2)
2

(3.165)

j(2)
= ηcd ∂e φ∗ ∂e φ,
3

(3.166)

j0 = ηcd φ∗ φ.

(3.167)

The crucial fact for our discussion in section 3.2.2.6 is that we can write the current as the
sum of the minimally coupled and the conformally coupled spin-2 current and then it is direct
to evaluate the generalized Ward identity.
Finally, we should say that this procedure is, in principle, easily generalized to any higher
spin current. However, the procedure becomes tedious as the number of terms in the massless
current grows quickly with the spin and so does the number of possible terms that should be
canceled with mass terms.

3.7

Appendix B: Scaling of excited states in the scalar quench

It is interesting to also analyse the behaviour of excited states under a quench. This gives
an extra observable to evaluate and it may be particularly useful in case one wants to make
explicit contact with experiment. If we take the case of even dimensions, for instance, extra
regulator ambiguities appear in the problem, as discussed in section 3.2.1.1. So, if someone
is performing an experiment, before looking at the scalings and so on, one should establish a
way to fix these ambiguities. Interestingly, after being fixed, one should be able to compare
different states using the same protocol, so excited states become useful observables to evaluate
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the behaviour of the system.
We can think of different possible excited states such as giving the system some excitations
of in-modes or even think about a coherent state of in-modes. In any case, one interesting
example is to compute hφ2 in ≡ hin, 0|a~n φ2 a~†n |in, 0i, for any momentum ~k and any number of
k

k

excitations n.
However, we already know the exact solution to φ under the quenches we are considering,
i.e., see eqs. (3.12) and (3.13). So, in order to evaluate the excited expectation values we
only need to use repeatedly the property of commutation of the a~k modes — see eq. (3.12).
Explicitly, what we need to find are expressions of the type hin, 0|a~k · · · a~k ak~0 a†~00 a~† · · · a~† |in, 0i
k

and

hin, 0|a~k · · · a~k a†~0 ak~00 a~†
k
k

· · · a~† |in, 0i.
k

k

k

After some algebra we get

hφ2 in = hφ2 i0 + 2n2

kd−2
|2 F1 |2 ,
ωin

(3.168)

where hφ2 i0 means the vacuum expectation value and the hypergeometric function is evaluated
at the same arguments as in the main body of this article but at a fixed momentum k. Now one
can ask whether the difference between the excited states expectation value and the vacuum
also scales as δt → 0. However, it is quite direct to show that as δt goes to zero with fixed
momentum k, the hypergeometric function goes to 1, and so the difference hφ2 in − hφ2 i0 would
go to some constant depending on k and n but would not scale with some power of δt, as found
for the vacuum expectation value.
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4.1

Introduction

Universal scaling behavior in systems undergoing a quantum (or thermal) quench which involves critical points have been a subject of great interest in recent years [1–4]. The classic
example of such behavior is Kibble-Zurek scaling [2, 3] which involves a quench which starts
from a gapped phase at a rate which is slow compared to the scale set by the initial gap. At
the other extreme, there are a different set of universal behaviors in two-dimensional field theories which are quenched instantaneously from a gapped phase to a critical point [5, 6] and for
instantaneous quenches which can be treated perturbatively [7].
The AdS/CFT correspondence has yielded important insight in this area, both for KibbleZurek scaling [8] and for novel non-equilibrium phases [9]. Perhaps more significantly, holographic studies have led to the discovery of new scaling behavior for smooth quenches which
are fast compared to the physical mass scales, but slow compared to the UV scale [10, 11].
In [12] and [13] we argued that this scaling law holds regardless of holography, and is valid
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for time dependent relevant deformations of generic conformal field theories (see also [14]).
Consider an action
S = S CFT +

Z

dd x λ(t) O∆ (~x, t)

(4.1)

where the conformal dimension of the operator O is ∆ and λ(t) interpolates between the constant values λ1 and λ2 (with an amplitude variation of δλ) over a time of order δt. Then in the
fast quench limit
δt  λ1/(∆−d)
, λ1/(∆−d)
, δλ1/(∆−d)
1
2

(4.2)

the renormalized energy density δEren scales as
δEren ∼

δλ2
.
δt2∆−d

(4.3)

Similarly, the peak of the renormalized expectation value of the quenched operator, measured
at times earlier than or soon after the end of the quench, was also found to scale as
hO∆ iren ∼

δλ
,
δt2∆−d

(4.4)

This general result emerged out of detailed investigations of exactly solvable mass quenches
in free bosonic and fermionic theories. One important outcome of our analysis was an understanding of the relationship between smooth fast quenches for small δt and the instantaneous
quenches of e.g., [5, 6]. The latter involve a quench rate which is fast compared to all scales,
including the UV cutoff, while smooth quench rates are faster than any physical scales, but
slower than the cutoff scale. On the other hand, local quantities like the energy density or hOi
involve a sum over all momenta all the way to the cutoff — for such quantities one does not
expect the smooth quench result to agree with those in the instantaneous quench. By the same
token, one would expect that for correlators at finite separations larger than δt, there should be
agreement. In [12, 13] we also explored if the late time behavior of local quantities also agree,
finding agreement at least in the d = 3 case.
In this paper we continue to explore the relationship between fast but smooth quenches and
instantaneous quenches in further detail. Our analysis will focus on quenches in free scalar
field theory with a time-dependent mass. However we argue that the lessons we draw there
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will be valid for quenches in interacting theories of the type described above.
The scaling laws in [12, 13] were derived for renormalized composite operators, which are
the appropriate quantities for quench rates much slower than the cutoff scale. In this work, we
examine the late time behavior of such operators. In addition, we focus on quantities which
are UV finite, e.g., two-point correlation functions at finite spatial separations and the excess
energy over the ground state energy at late times.
In section 4.3, we consider late time correlators, t  δt. We will show that for (suitably defined) large spatial separations, these correlators agree with the correlators for an instantaneous
quench. For separations r which are very small, i.e., mr  1 there is once again agreement,
reflecting the fact that the dominant singular behavior for small separation is independent of
any time dependence of the mass. The corrections to this leading small distance behavior are
in one-to-one correspondence with the counterterms necessary to renormalize the composite
operator φ2 . In particular, the subleading small distance divergences involve derivatives of
the mass function for d ≥ 6. For intermediate separations, the two quench protocols lead to
genuinely different results.
In section 4.4, we turn our attention to correlators at finite times t ∼ δt and show that for
rδt  1 the correlator becomes independent of δt as expected. For m−1 > δt > r we find that
the correlator exhibits a scaling behavior identical to that of the renormalized local operator
hφ2 i.
In section 4.5, we consider the renormalized local quantity hφ2 i at late times. We show that
this quantity agrees for both quench protocols only for d = 3. For d = 5 and finite δt, there
is a slight difference between the smooth and the instantaneous answer in the limit of δt → 0,
while for the instantaneous quench, hφ2 i is UV divergent for d > 5.
In section 4.6, we consider the difference of the energy at late times and the ground state
energy with the final value of the mass. This is one measure of the excess energy produced
during the quench. We show that this quantity is explicitly UV finite. For d ≤ 3 this becomes
independent of δt, in the mδt  1 limit. The next order correction, which scales as a power
of δt, is identical to the behavior of the renormalized energy in [12, 13]. For d ≥ 4, the energy
diverges in the δt → 0 limit, in the same way as the renormalized energy considered in [12,13].
In section 4.7, we discuss the validity of our results for the excess energy produced for
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general interacting field theories.
In section 4.8, we conclude with a brief discussion of our results and also consider various
possible measures of the energy produced by the quench and their relationship.

4.2

Bogoliubov coefficients for smooth and instantaneous quenches

Consider a scalar field in d space-time dimensions with a time dependent mass,
S =−

Z

Z
dt

dd−1 x

i
1 h
(∂φ)2 + m2 (t)φ2 .
2

(4.5)

This theory is exactly solvable for a variety of different mass profiles, as described in [12, 13].
The quench protocol which we focus on here, involves the mass going from an initial value m
to zero at late times over a time scale δt with the smooth profile
m (t) = m
2

2

!
1 − tanh(t/δt)
.
2

(4.6)

To solve the Klein-Gordon equation, we decompose the scalar field into momentum modes
φ=

Z


dd−1 k 
† ∗
a
u
+
a
u
,
~
~
k
k
~
~
k k
(2π)(d−1)/2

where [a~k , a~†0 ] = δd−1 (~k − ~k0 ) .
k

(4.7)

The exact solution of the field equation is given by [12, 13, 15]
u~k =

1
exp(i~k · ~x − iω+ t − iω− δt log(2 cosh t/δt)) ×
√
2ωin
!
1 + tanh(t/δt)
,
2 F 1 1 + iω− δt, iω− δt; 1 − iωin δt;
2

(4.8)
(4.9)

where 2 F1 is the usual hypergeometric function and
q
ωin = ~k2 + m2

,

ωout = |~k| ,

ω± = (ωout ± ωin )/2 .

(4.10)
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The modes u~k are the “in” modes: they behave as plane waves in the infinite past and the
a~k annihilate the in-vacuum, i.e., a~k |in, 0i = 0. There is also another set of modes, the “outmodes”, which become plane waves in the infinite future,
v~k =

1
exp(i~k · ~x − iω+ t − iω− δt log(2 cosh t/δt)) ×
√
2ωout
!
1 − tanh(t/δt)
.
2 F 1 1 + iω− δt, iω− δt; 1 + iωout δt;
2

(4.11)

In terms of these, the field operator is
φ=

Z


dd−1 k 
† ∗
b
v
+
b
v
,
~
~
k
k
~
~
k k
(2π)(d−1)/2

where [b~k , b~†0 ] = δd−1 (~k − ~k0 ) .
k

(4.12)

The Bogoliubov transformation that relates these two sets of modes is given by [15]
u~k = α~k v~k + β~k v?−~k ,
u~?k = α~?k v~?k + β~?k v−~k ,

(4.13)

where
ωout
ωin
r
ωout
ωin

r
α~k =
β~k =

Γ(1 − iωin δt)Γ(−iωout δt)
,
Γ(−iω+ δt)Γ(1 − iω+ δt)
Γ(1 − iωin δt)Γ(iωout δt)
.
Γ(iω− δt)Γ(1 + iω− δt)

(4.14)

The Heisenberg-picture state of the system is the “in” vacuum,
a~k |in, 0i = 0 .

(4.15)

We will be interested in analysing several quantities: (i) the two-point correlator of the field at
a finite spatial separation (ii) the expectation value of the composite operator φ2 and (iii) the
net energy density produced. In fact, the rate of change of the energy density is related to hφ2 i
by the Ward identity
1
∂t hEi = ∂t m2 (t)hφ2 i.
2

(4.16)
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The two point correlation function of the scalar field under the quench reads
dd−1 k
hin, 0|φ(~x, t)φ(~x , t )|in, 0i =
u~ (~x, t) u~?k (~x0 , t0 )
(2π)d−1 k
Z
dd−1 k n 2
|α~ | v~ (~x, t)v~?k (~x0 , t0 ) + α~k β~?k v~k (~x, t)v−~k (~x0 , t0 ) +
=
(2π)d−1 k k
Z

0

0

(4.17)

o
α~?k β~k v?−~k (~x, t)v~?k (~x0 , t0 ) + |β~k |2 v?−~k (~x, t)v−~k (~x0 , t0 ) .

We will be interested in the relationship of the results of a smooth quench as in (4.6) to that
of an instantaneous quench from a mass m to zero mass,
minstant (t) = m θ(−t).

(4.18)

The “in” and “out” modes for such an instantaneous quench have a trivial plane wave profile
for before and after the quench, respectively
u~instant
=
k
v~instant
=
k

1
~
ei(k·~x−ωin t) , t ≤ 0 ,
√
2ωin
1
~
ei(k·~x−ωout t) , t ≥ 0 .
√
2ωout

(4.19)

The Bogoliubov coefficients for the instantaneous quench are determined by demanding that
the mode functions and their first derivatives are continuous at t = 0. This yields:
α~instant
= √
k

ω+
ωin ωout

and

β~instant
= √
k

ω−
.
ωin ωout

(4.20)

The correlator for an instantaneous quench can be easily computed using (4.20) (or by directly
matching the operator solutions across t = 0 as in [6]),
dd−1 k i~k·(~x−~x0 )
e
(4.21)
hin, 0|φ(~x, t)φ(~x , t )|in, 0i →
(2π)d−1
" −iωout (t−t0 )
#
(ω2out − ω2in )
e
(ωout − ωin )2
0
0
×
+
cos ωout (t − t ) +
cos ωout (t + t ) .
2ωout
4ω2out ωin
4ω2out ωin
Z

0

0

The comparison of the instantaneous quench with the smooth fast quench is only meaningful
at late times when the variation of the mass in the smooth quench is over, i.e., when t  δt

128

Chapter 4. Smooth and fast versus instantaneous quenches in quantum field theory

and t0  δt. For such times, the mode functions v~k (~x, t) → v~instant which are exactly the mode
k

functions for t > 0 in instantaneous quench.
In what follows, it is useful to look at the behavior of the Bogoliubov coefficients in various
regimes.

1. First consider the limit
ωin δt, ωout δt  1 .

(4.22)

It may be easily checked that in this limit, the smooth quench Bogoliubov coefficients
(4.14) reduce to the instantaneous quench coefficients (4.20), regardless of the value of
|~k|/m. This means that the smooth quench approaches an instantaneous quench when δt
is small compared to all other length scales in the problem. In particular, this means that
the momentum space correlators at some momentum ~k will approach the instantaneous
correlator only when mδt  1 as well as |~k|δt  1. In [12] we discussed the implications
of this for expectation values of local quantities like hφ2 (x, t)i or the energy density.
Generically, the small mδt  1 limit of these local quantities will not agree with the
instantaneous quench result since these quantities involve an integration over momenta
all way upto the cutoff, and the physical smooth quenches, in which we are interested,
are fast compared to physical mass scales but slow compared to the cutoff scale. It can
be the case, however, that the integrand is a rapidly decaying function. If so, even if we
have to integrate to arbitrarily high momenta, the main contributions will come from low
momenta and then there would be agreement between the two protocols. For example,
as shown in [13], this is what happens in evaluating hφ2 i in d = 3. In section 4.5, we will
go back to this discussion and show that in higher dimensions this is not generally true.

2. Now consider the limit
mδt  1,

|~k|/m  1,

|~k|δt = arbitrary .

(4.23)

Once again in this limit, the Bogololiubov coefficients (4.14) approach the instantaneous
quench coefficients (4.20), for any finite value of |~k|δt. In fact, in this limit the coefficients
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(4.14) behave as
α~k → 1 −
β~k →

m2
[1 − ikδt ψ(1 − ikδt) + ikδt ψ(−ikδt)] + O(m4 /k4 ) ,
4k2

m2
kδt Γ(1 − ikδt) Γ(ikδt) + O(m4 /k4 ) ,
ik2

(4.24)

where ψ(x) denotes the digamma function, i.e., ψ(x) = ∂ x log Γ(x). For the instantaneous
quench, instead, they behave as
α~instant
→ 1 + O(m4 /k4 ) ,
k
β~instant
→ −
k

m2
.
4k2

(4.25)

Thus to leading order in m2 /k2 , we have α~k = 1, β~k = 0 for both smooth and instantaneous
quenches regardless of the value of kδt. This is a reflection of the fact that very high
momentum modes are not excited by the quench, i.e., to leading order the quench is
immaterial for these modes. The subleading terms in (4.24) are of course dependent on
δt. In fact, for finite kδt, the subleading term in α~k is O(m2 /k2 ). However, if in addition
we have kδt  1, this O(m2 /k2 ) term is cancelled, as it should be.
In the next section we discuss the implications of these observations for real space correlation functions.

4.3

Late time spatial correlators

In this section, we examine equal time correlation functions at finite spatial separations
C(t,~r ) ≡ hφ(t,~r )φ(t, ~0)i ,

(4.26)

and compare the result for smooth fast quenches and instantaneous quenches at late times.
For simplicity, we only explicitly consider the correlators in odd spacetime dimensions in the
following. We will consider this correlator in eq. (4.26) in three different situations: the first
one is the equal time correlator for a smooth quench from a mass m to zero mass, as in eq.
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(4.6),

C(t,~r) smooth

1
=
2(2π)d−1

Z
d

d−1

~
o
eik·~r n 2
k
|α~k | + |β~k |2 + α~k β~?k e2ikt + α~?k β~k e−2ikt ,
k

(4.27)
where α~k and β~k are given by eq. (4.14). The second quantity is the equal time correlator for an
instantaneous quench which can be read off from eq. (4.21),
C(t,~r)instant

1
=
2(2π)d−1

Z
d

d−1

ke

i~k·~r

1

√
k2 k2 + m2


!
2
2
2
k + m sin (kt) .

(4.28)

This correlator was studied in e.g., [6]. Finally, we consider the correlator for a constant mass
m = 0,
1
Cconst (~r) =
2(2π)d−1

Z

~

dd−1 k eik·~r

1
.
|~k|

(4.29)

Constant mass correlators are evaluated in detail in Appendix 4.9, including the case of m = 0
— see eq. (4.104). Performing the angular integrals above we find
C(t,~r) smooth

1
=
σc
=

C(t,~r)instant =
=
Cconst (~r) =
where σc = 2

d+1
2

π

d−1
2

Z

C smooth (k, t, r) dk
(4.30)
Z
n
o
1
d−3
2 J d−3 (kr) |α |2 + |β |2 + α β? e2ikt + α? β e−2ikt ,
dk
k
~
~
~
~
d−3
k
k
k ~k
~k k
2
σc rZ 2
1
Cinstant (k, t, r) dk
(4.31)
σc
Z
1
k2 + m2 sin2 (kt)
d−3
2 J d−3 (kr)
dk
k
,
√
d−3
2
σc rZ 2
k Z k 2 + m2
1
1
d−3
Cconst (k, r) dk =
dk k 2 J d−3
(kr) ,
(4.32)
d−3
2
σc
σc r 2

and J d−3
is the Bessel function of order
2

d−3
.
2

Before proceeding with the detailed calculations, let us present our intuitive expectations
for the comparison, as well as the results found below. As in section 4.2, we are considering
quenches which take the mass from some fixed initial value m to zero after the quench. There
are several different dimensionful parameters at play in our correlators, i.e., t, δt, r = |~r | and
m, and so first, we wish to clearly specify how the corresponding scales are ordered in our
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considerations below. First, for the smooth quenches, we are considering the fast quench limit
and hence we have mδt  1. We are also examining the correlators in late time limit and hence
δt  t. While these inequalities do not fix a relation between m and t, we will only present
results for the case mt > 1. That is, the following discussion explicitly considers quenches
where
δt  1/m < t .

(4.33)

We have verified that the general behaviour is the same in regimes where mt . 1, as long as
the inequalities for the fast quench and late time limits are both satisfied.
Given the ordering in eq. (4.33), we still have one remaining scale unspecified, namely the
spatial separation r = |~r |. In the following, we compare the correlator (4.26) for fast smooth
quenches and that (4.28) for instantaneous quenches for r in different regimes. The natural
intuition is that in the Fourier transform, only momenta satisfying k . 1/r will contribute
significantly to the correlator. Hence given that we are in the fast quench regime with mδt  1,
if we further choose r  δt, then both of the inequalities in eq. (4.22) should be satisfied
for the momenta contributing to the correlators. Hence the analysis in the previous section
would indicate that at late times, the integrand in eq. (4.17) for the smooth quenches effectively
reduces to that in eq. (4.21) matching the correlator for an instantaneous quench. We will
explicitly verify that this expectation is realized by numerically comparing the full expression
(4.17) for smooth quenches with the instantaneous quench result (4.21) at late times.
Continuing with the above intuition, differences between the late-time correlators for the
two different quench protocols are expected to arise in a regime where the spatial separation is
comparable to the quench time, i.e., r . δt. In view of eq. (4.33), this means that we would
be examining the correlator at short distance scales. However, we also found that for very
large k  m the leading behavior of the Bogoliubov coefficients are in fact independent of the
quench rate — see discussion following eq. (4.23). This immediately implies that the leading
singularity at small r is independent of any quench protocol and therefore one gets the same
singular behaviour as the constant mass correlators in this regime, namely, C(t,~r ) ∝ 1/rd−2 —
see Appendix 4.9. Hence the leading behaviour in the correlators produced by the smooth and
instantaneous quenches again agrees in this regime. As we will show below, the subleading
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singularities are in fact different in high dimensions.
The interesting regime where the difference between a smooth and instantaneous quench
would show up is therefore the intermediate values of r. To study this difference it is convenient
to eliminate the leading small-r contribution by calculating the difference between the two
quench correlators, i.e., C smooth (t,~r ) − Cinstant (t,~r ), or alternatively by subtracting the fixed
mass correlator from each of the quench correlators individually. As we describe in detail
below, this difference of the late-time correlators indicates that the subleading behaviour, in
fact, also agrees for d = 3 but a small finite difference arises for d = 5. For d = 7 and higher
dimensions, the difference still diverges in the limit r → 0.

4.3.1

Numerical results for various dimensions

We now evaluate the k integrals in eqs. (4.30) - (4.32) numerically. However the integrands are
typically oscillating rapidly with a growing envelope. Hence to evaluate the integral properly,
we need to regulate the integral. We do so by introducing a convergence factor exp(−ak) with
a > 0 and evaluating the integral in the limit a → 0, as discussed in Appendix 4.9. Using
this regulator, the integral in eq. (4.32) can be evaluated to yield Cconst (~r) ∝ 1/rd−2 , as in
eq. (4.104). This is the standard massless propagator in d dimensions. For our numerical
calculations, we typically use a = 10−3 , which we can verify is small enough that the integrals
accurately converge to their limiting values.
As noted in the above discussion, for large k  m, C smooth (k) and Cinstant (k) are essentially
identical to Cconst (k), implying that the leading divergence in all the corresponding correlators
is 1/rd−2 for small r. Hence, the integrands are very close to each other for a large range of k,
as illustrated in fig. 4.1.
Therefore, in order to highlight the differences between the smooth and instantaneous
quenches, we will subtract off eq. (4.32) to define for both cases
1
C̃(t, r) =
σc

Z

1
C̃(k, t, r) dk ≡ C(t, r) − Cconst (r) =
σc

Z

(C(k, t, r) − Cconst (k, t, r)) dk . (4.34)

In terms of the integrands, subtracting Cconst (k) suppresses the growing oscillations at large
k that, e.g., we see in fig. 4.1. In the full correlator, this subtraction removes the divergent
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Figure 4.1: (Colour online) Integrands Cinstant (blue), C smooth (yellow) and Cconst (green) of the
instantaneous quench, smooth quench and constant massless case, for d = 5, t = 10, r = 10
and δt = 1/20 as a function of momentum k — all dimensionful quantities are given in units
of the initial mass m. All three integrands are nearly identical for large momenta. Further the
instantaneous and smooth quench curves overlap at all scales.
behaviour at r → 0, which makes it easier to identify differences in the finite remainder. If this
behaviour was not removed, for instance, both the instantaneous and the smooth quench would
both grow as 1/rd−2 in exactly the same way as r → 0 and it would be extremely difficult to find
any differences between the correlators for the two different quench protocols in this regime.1
In comparing the subtracted integrands C̃ below, we start by considering d = 5.
In fig. 4.1, as well as the good agreement between the quench correlators and the constant
massless correlator at large k, we see that the two integrands, C smooth (k) and Cinstant (k), agree
for throughout the momentum range shown there. Given our discussion at the opening of this
section, we only expect differences to arise when k & 1/δt. One way to illustrate these differences is to make δt larger, as illustrated in fig. 4.2. Panel (a) shows the subtracted integrands
in the range 0 ≤ k ≤ 2 with the same parameters as used in fig. 4.1, i.e., mt = 10, mr = 10
and mδt = 1/20 for d = 5, and the two curves precisely overlap in this momentum range.
The only change of parameters in panel (b) is that here mδt = 1/2 and we clearly see that
small differences appear between the integrand for the smooth quench and that for the instantaneous quench. Note, however, that with mδt = 1/2, the smooth quench only barely satisfies
1

This would be analogous to analysing the bare expectation value hφ2 i instead of the renormalized quantity
hφ iren in [12, 13]. Of course, the interesting physical quantity is in the renormalized expectation value — see
further discussion in section 4.3.2.
2
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eq. (4.22) and so while useful to illustrate possible differences, this example is not really in the
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(b) δt = 1/2

Figure 4.2: (Colour online) Subtracted integrands as a function of (small) momentum k. In
this case we are plotting for d = 5, t = 10, r = 10 (with the units set by m). The yellow line
corresponds to the instantaneous quench while the blue one to the smooth. Panel (a) shows that
no detectable differences appear with δt = 1/20 in the range 0 ≤ k ≤ 2. However, in panel (b),
minor differences occur in this range when δt = 1/2.

Focusing on the parameters mt = 10, mr = 10 and mδt = 1/20 (for d = 5), we see in
fig. 4.3 that the subtracted integrands continue to agree for much larger values of k. However,
with k/m ∼ 20, differences are clearly visible in panel (b). However, comparing the vertical
scale in these two plots to that in panel (a) of fig. 4.1, we see that these large k contributions to
the subtracted integrand are highly suppressed.2 Hence the differences should not be expected
to contribute to the full integral, i.e., they should not produce significant differences in the
position-space correlators.

2

Further, these large k contributions are also highly oscillatory, so they will tend to cancel out in the integral.
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Figure 4.3: (Colour online) Subtracted integrands as a function of momentum k. In this case
we are plotting for d = 5, t = 10, r = 10 and δt = 1/20 (with the units set by m). The blue line
corresponds to the smooth quench while the yellow one to the instantaneous quench. Panel (a)
shows an intermediate regime where no significant differences between the two integrands are
apparent. Visible differences appear for larger k & 1/δt, in panel (b).
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Figure 4.4: (Colour online) Regulated integrands as a function of momentum k for d = 5 and
small separation. The blue line corresponds to the smooth quench while the yellow one to the
instantaneous. At small distances the two integrands are clearly different from each other, even
at scales kδt ≤ 1.
It turns out that examining the subtracted integrands for d = 3 yields essentially the same
results. On the other hand, the situation is also similar in d = 7 for long distances. As we
decrease r, for d = 7, we see analogous effects to those in fig. 4.4, i.e., the two integrands
become clearly different. However, as we will see, after integration, the behaviour of the
correlator at small distances is very different depending on the dimension.
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Figure 4.5: (Colour online) Difference between the late-time correlators for smooth and instantaneous quenches as a function of the separation distance r. The blue line corresponds to the
d = 3 case while the yellow one belongs to d = 5 and d = 7 is shown in green. We are using
mt = 10 with mδt = 1/20. In d = 3 and d = 5, the difference remains small for any value of r,
while in d = 7, it seems to diverge as r → 0.
Given that we understand the behaviour of the (subtracted) integrands, let us now compare
the (position-space) correlators for instantaneous and smooth quenches at different values of
r, as shown in fig. 4.5. In the figure, we have chosen mt = 10 and mδt = 1/20 while mr
varies from 10 to 0.001. As we have expected, the figure shows that the difference between the
correlators goes to zero, or at least is of order O(δt2 ), at large mr. The results for d = 3 indicate
that the difference remains vanishingly small for all values of r. In the case of d = 5, a small
but finite difference appears to develop as r goes to zero. The differences in fig. 4.5 are most
evident for d = 7. In this case, the relative difference is already of order one at mr = 0.1 and
the trend in the figure is that it continues to grow at smaller r. Our expectation is that in fact,
this difference will in fact diverge as r → 0. This conclusion comes from comparing to the
late-time behaviour of expectation value hφ2 iren in the next section.
In summary then, we have explicitly shown that at times long after the quench, the correlators generated by instantaneous and the smooth fast quenches are identical at large separations.
As might be expected, differences only appear at separations of the order the quench time δt.
Further these differences are small in lower dimensions, e.g., d = 3, 5, but can be quite dramatic in higher dimensions. Interestingly, for d = 3 and 5, the subtracted correlator of both the
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instantaneous and the smooth quench (with the mr = 0 piece subtracted out) agree to a rather
high precision for any distance mr. As we increase mr both answers become even closer.

4.3.2

Small r behavior and counterterms for local operators

In [12, 13], we studied the UV divergences appearing in hφ2 i with a momentum cut-off in great
detail. Intuitively, one can think that the correlator at small r provides a point-splitting regulator
of the same quantity. Hence, the divergences in the correlator at small r should be related to the
UV divergences of the local quantity hφ2 i. In this subsection, we make this connection precise.
Let’s start with the constant massless correlator, (4.32). For small r we can expand the
Bessel function to get,
J d−3
(kr) = (kr)
2

d−3
2

 3−d

 2 2


   + O (kr)2  .
 d−1

Γ 2

(4.35)

Inserting this in eq. (4.32), we get an integral of kd−3 , exactly the same as the leading divergence
in hφ2 i.
Let us first recall the set of counterterms that we found in [12,13] for hφ2 i. There the leading
divergences in momentum space were determined by performing an adiabatic expansion in
time derivatives and then expanding our results for large momentum. We then found that this
was the same as expanding the integrand of hφ2 i. So, to be more specific, in the “in”-basis, the
2
integrand took the form kd−2 ω−1
in |2 F 1 | and for large k we found [13]


kd−5 2
kd−7  4
kd−2
|2 F1 |2 ' kd−3 −
m (t) +
3m (t) + ∂2t m2 (t)
(4.36)
ωin
2
8

kd−9 
−
10m6 (t) + ∂4t m2 (t) + 10m2 (t) ∂2t m2 (t) + 5∂t m2 (t) ∂t m2 (t) + · · · .
32
Above, we are giving all the terms needed to regulate the expectation value up to d = 9. Apart
from the divergent terms in the constant mass expectation value (that will appear as zeroth
order in the adiabatic expansion), they include terms with time derivatives of the mass profile
which produce divergences in hφ2 i for d ≥ 6. These (perhaps surprising) terms were carefully
analysed in [13]. Now we can express the bare expectation value of the local operator in terms
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of an energy cut-off Λ, obtained by integrating the momentum integral up to a maximum value
kmax ' Λ. This yields
hφ2 i '

1
2d−1 π

d−1
2

Γ



d−1
2
6



Λd−2
Λd−4 m2 (t) Λd−6 3m4 (t) + ∂2t m2 (t)
−
+
−
d−2 d−4 2
d−6
8

(4.37)

!
Λd−8 10m (t) + ∂4t m2 (t) + 10m2 (t) ∂2t m2 (t) + 5∂t m2 (t) ∂t m2 (t)
−
+ ··· .
d−8
32
Working in terms of the “in” modes, the smooth quench correlator can be expressed as
C(t,~r ) smooth =
=

k(d−1)/2
(kr) |2 F1 |2 ,
J d−3
2
ωin
Z
1
kd−2
dk d−3 J d−3
(kr)
|2 F1 |2 ,
2
ω
2
in
k
Z

1
σc r
1

d−3
2

σc r

d−3
2

dk

(4.38)

where in the last line we have presented the integrand in a way which allows us to make use
of the above expansion in eq. (4.38). So we have all the ingredients to take the limit from the
spatial correlator to the expectation value. In particular, if we take the r → 0, then the Bessel
function can be replaced for its zeroth order expansion shown in eq. (4.35). The powers of
kr in eq. (4.35) will cancel those same powers appearing in eq. (4.38), while the numerical
factors will turn the σc into a σ s .3 Then we can use eq. (4.36) to expand for large k and find
that the correlator behaves exactly in the same way as hφ2 i when r → 0. In fact,
Z

1
kd−7  4
kd−5 2
C(t,~r ) −−−→
3m (t) + ∂2t m2 (t)
(4.39)
dk kd−3 −
m (t) +
r→0
σs
2
8
!

kd−9 
6
4 2
2
2 2
2
2
−
10m (t) + ∂t m (t) + 10m (t) ∂t m (t) + 5∂t m (t) ∂t m (t) + · · · .
32
Of course for any finite (positive) r the correlator will be UV finite. So in principle we
should be able to perform the integral over momenta to obtain a series expansion in inverse
powers of r. We now show that this small-r expansion of the correlator is directly related to the
large-k expansion for the expectation value. Let us take expression in eq. (4.38) and replace
2
kd−2 ω−1
in |2 F 1 | with the expansion given in eq. (4.36). The integrand is composed of a series of

We remind the reader that σ s is a numerical constant that depends on the space-time dimension d and was
d−1
Γ( d−1
2 )
used in [12, 13] to normalize the expectation value of φ2 . Explicitly, σ s ≡ 2(2π)
, where Ωd−2 is the
Ωd−2 = 2d−1 π d−1
2
angular volume of a unit (d − 2)-dimensional sphere.
3
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terms which are constants (not functions of momentum) multiplying the Bessel function and
some power of k. For fixed value of r, we can integrate that expression, using
∞

Z
0



1
(d
+
2α
−
1)
Γ
2
4
.
kα J d−3
(kr) dk = α+1 
2
r Γ 1 (d − 2α − 1)
α

(4.40)

4

Now, as an example, consider the leading divergence, i.e., kd−3 , which gives

σc r

∞

Z

1
d−3
2

k
0

d−3
2

1 2
J d−3
(kr)
dk
=
2
σc

d−3
2



Γ d2 − 1 1
,
√
rd−2
π

(4.41)

after using eq. (4.40) with α = (d − 3)/2 and some algebra. This shows that UV divergences of
the local quantity hφ2 i appear as inverse powers of r in the finite spatial separation correlator,
i.e., r plays the role of a point-splitting regulator, replacing the momentum cut-off Λ in eq.
(4.38). In the above example we showed that the leading divergence is proportional to rd−2 .
We can proceed to do the integral for α =

d−3
2

− 2. This would correspond to divergences pro-

portional to kd−5 and will lead to a term in the spatial correlator which is inversely proportional
to rd−4 . Note that in general, eq. (4.40) maps the integral over kα to the power 1/rα+1 . Also
note that there is an important difference between the leading divergence and the rest of the
divergent terms. All of the subleading divergences are proportional either to the instantaneous
mass m(t) or to time derivatives of m(t), while the leading divergence is independent of m(t).
This means that the leading term as r → 0 will be inversely proportional to rd−2 but then there
will be subleading terms inversely proportional to rd−4 , rd−6 , etc., that will also contain factors
of the mass and its derivatives. Explicitly we find
Γ



d−4
2
8πd/2



3m4 (t) + ∂2t m2 (t)
d−4
1 m2 (t)
1
−
+
−
(4.42)
rd−2
rd−4 2
3(d − 6)rd−6
8
!
10m6 (t) + ∂4t m2 (t) + 10m2 (t) ∂2t m2 (t) + 5∂t m2 (t) ∂t m2 (t)
1
−
+ ··· .
15(d − 6)(d − 8)rd−8
32

C(t, r) '

In particular, note that to analyse the structure of the correlator in d = 7, we would have to take
into account a term that is proportional to the second derivative of the mass, that will increase
as 1/r when r → 0. This will be important to understand the behaviour of the correlator in
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section 4.4. Also note that this term is also subleading compared to the term proportional to
m2 /r3 , that comes second in the expansion of eq. (4.43).
Finally let us note that, even though the momentum cut-off expression in eq. (4.38) and the
r expansion expression in eq. (4.43) are similar in form, there is no simple way to relate the
energy scale Λ with the point-splitting regulator 1/r. Rather, equating these two equations we
get,
1

Γ(d − 1) d−2
Λ'
r





d−4


1 − Γ(d − 2)Γ(d − 1)− d−2
2
2
 .
1 +
m
(t)r
+
·
·
·
2


d−2
2(d − 4)Γ(d − 1)

(4.43)

This simply points-out that these divergent terms are unphysical and that these two regularization schemes have slightly different counterterms.

4.4

Universal scaling in quenched spatial correlators

In [12,13] we found an interesting set of universal scaling relations for the expectation value of
the quenched operator hφ2 i and the energy density. For the quenches considered in this work,
this scaling takes the form hφ2 iren ∼ m2 δt4−d . We also found analytic leading order expressions
for this expectation value in the case of δt → 0. For odd spacetime dimensions, we found
hφ2 iren = (−1)

d−1
2

π
2d−2

2
6−d
∂d−4
),
t m (t) + O(δt

(4.44)

which reproduces the above scaling with the mass profile 4.6 we are considering. On the other
hand, we have already shown how the spatial correlator approaches the expectation value of φ2
as the separation distance goes to zero. Then an interesting question to ask is whether there are
any signs of the universal scaling in the spatial correlator.
To investigate on this question here, we will concentrate on early times, since this is the
regime where scaling of the local quantities hold. Now we need a suitable object to compute.
We remind the reader that the scalings hold for renormalized expectation values. Given that
the bare expectation values are UV divergent, we had to add suitable counterterms to eliminate
those divergences. On the contrary the spatial correlator is finite for any finite separation r.
However, as discussed in the previous section, the counterterms are in precise correspondence
with the small r expansion of the correlator. In particular the leading UV divergence of hφ2 i
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goes as Λd−2 , which reflects the leading small r divergence of the correlator behaving as 1/rd−2 .
So from this perspective, the scaling behaviour is only exhibited in a higher order term, which
remains finite as r → 0. However, we may still see the scaling in the correlator by subtracting
a suitable fixed mass correlator to remove the terms which diverge in the small r limit. It turns
out that in order to eliminate these divergences (which are proportional to powers of m2 ) the
interesting object to compute is the difference of the spatial quenched correlator at time t with
the correlator at a constant value of the mass equal to the instantaneous mass at that time t. The
latter fixed mass correlator has been computed in Appendix 4.9 and one finds,
C f ixed (~r) =

Z

1
σc r

d−3
2

k

d−1
2

dk
J d−3 (kr) .
p
k2 + m2 (t) 2

(4.45)

In order to numerically integrate the correlator, we will go back to the “in” basis — see eq.
(4.38)— to obtain
C(t,~r ) =

Z

1
σc r

d−3
2

k(d−1)/2
dk √
(kr) |2 F1 |2 .
J d−3
2
2
2
k +m

(4.46)

First consider the correlator at t = 0. In fig. 4.6, we computed C(t = 0, r) − C f ixed (r) for
a wide range of values of r and δt for d = 5 and d = 7. We see a very interesting behaviour.
Basically we can divide the correlator in three different regions: (i) r > δt, (ii) r < δt < m−1
and (iii) r < δt ∼ m−1 .
For δt < r we see that the correlator is essentially a constant independent of δt that depends
on r. In fact it turns out that this constant value is exactly the same value of the instantaneous
quench correlator evaluated at t = 0. Recall that the instantaneous quench correlator at t = 0
is exactly the same as the constant mass correlator with m2 = m2in . This coincidence might
lead the reader to think that this behaviour is something special for t = 0. However, in what
follows, we will show that is the general behaviour of the correlator at any finite t/δt, as long
as δt  r  1/m.
Let’s start by fixing the dimensionless time τ = t/δt. Now we want to analyse the r and δt
dependence of the following object:

C(t,~r ) − C f ixed (~r) =

Z

1
σc r

d−3
2







1
1
d−1
2
 q
 .
dkk 2 J d−3
(kr)
F
−
|
|
p
2
1
2


2 + m2 (τ) 
2
2
k
k + min

(4.47)
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Note that the first term inside the big brackets has m2in in the denominator while the fixed mass
part carries an m2 equal to that at the particular time we are considering.
The second important thing to notice is where is the time-dependence in the quenched correlator. The only place where τ appears explicitly is in the last argument of the hypergeometric
function. Recall that
!
1 + tanh(t/δt)
.
2 F 1 ≡ 2 F 1 1 + iω− δt, iω− δt; 1 − iωin δt;
2

(4.48)

Then, if we fix τ by inserting any finite number (or zero) in that last argument, we are left with
an object that depends only on δt and r, and we can take the desired limit without any problem.
So consider now δt  r. We get that limit by considering the limit of the hypergeometric
function with δt → 0. As the second argument is proportional to δt, to lowest order all the terms
in the infinite sum will vanish but the first one, so we just get that when δt → 0, 2 F1 = 1+O(δt).
Note that this argument is valid only in the case where we fix τ and effectively there is no δt
dependence in the last argument. Then, after taking this first limit, we are left with

C(t,~r ) − C f ixed (~r) ≈

Z

1
σc r

d−3
2







1
1
d−1
 q
 .
dk k 2 J d−3
(kr)
−
p
2
2
2
 k2 + m2
k + m (τ) 
in

(4.49)

But this is nothing more than C f ixed (m2 = m2in ) − C f ixed (m2 = m2 (τ))! So, at any time we get
that for δt  r our object becomes the difference of two fixed mass correlators. In particular, it
becomes independent of δt and that explains the horizontal dashed lines of fig. 4.6.
However we can even go further and consider the limit of r  1/m. As it is just the limit
for fixed mass correlators we can extract it directly from eq. (4.103) in Appendix 4.9. As
we are subtracting two fixed mass correlators, the leading term in the expansion, i.e., the one
proportional to rd−2 , will cancel and the leading contribution will come from the first subleading
term:
!
m2 (τ)
1 m2in
−
.
C(t,~r ) − C f ixed (~r) ≈
σc 2rd−4 2rd−4

(4.50)

In our plots of fig. 4.6, we have min = 1 and m(τ = 0) = 1/2, so the difference of correlators
in the limit of δt  r  1/m should go as (4σc rd−4 )−1 , which agrees with the values that the
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horizontal lines take in the plots. We can add that the agreement gets more exact as r takes
smaller and smaller values.
Note, however, that eq. (4.49) is valid for any value of m, as long as r/δt  1, but eq.
(4.50) also needs rm  1. If we concentrate in a regime where rm ∼ 1 (see bottom line in
each plot of fig. 4.6), then we should expect eq.(4.49) to hold rather than eq.(4.50). In fact, for
r = m = 1, the bottom dashed line in fig. 4.6 corresponds to approximately 0.10 and 0.20 for
d = 5 and d = 7, respectively. This is in perfect agreement with eq. (4.49) and clearly differs
from the 0.25 that eq. (4.50) is predicting.
To further support our claim we provide equivalent plots but at different times for d = 5. In
fig. 4.7, we examine the results for τ = 1/2 and τ = 1/4. In these cases, the expectation is that
the limiting value would be
C(t,~r ) − C f ixed (~r) ≈

m2in − m2 (τ) 1 − (1/2 − 1/2 tanh τ)
=
,
σc r
σc r

(4.51)

and that’s what arises in this figure.4

The second regime r < δt < 1/m leads to the most interesting behaviour. The correlator
now exhibits exactly the same scaling as the φ2 expectation value. The solid lines we see in the
plots are exactly the lines that come from evaluating eq. (4.44) for d = 5 and d = 7 with the
present mass quench profile — see eq. (4.6). This means that in this regime exactly the same
universal scaling we’ve been discussing for φ2 is reproduced in the spatial correlator.
Finally, at least for d = 5, we see that when δt ∼ 1/m this behaviour breaks down and our
calculation goes away from the universal scaling line. It would be interesting to understand
better this slow regime as it could be connected to other set of important universal scalings in
quantum quenches: namely, the Kibble-Zurek scaling [2, 3] and this would give a connection
between the fast and the slow regime universality in quantum quenches. We hope to report on
this in the near future.

4

For τ = 1/2, then C(t,~r ) − C f ixed (~r) ≈ 0.365529/(σc r) and for τ = 1/4, the value is 0.31123/(σc r).
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Figure 4.6: (Colour online) Spatial correlator under a smooth quench at t = 0 as a function of
both δt and the distance separation r. In each case, we are subtracting the fixed mass correlator
with m2 = 1/2. The dashed lines correspond to computing the instantaneous quench correlator
at t = 0 for the different separations r, that is the same as computing the fixed mass correlator
with m = min = 1. The purple solid line shows the analytic leading order contribution to hφ2 i,
given by eq. (4.44).
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Figure 4.7: (Colour online) Spatial correlator under a smooth quench for fixed t/δt = τ as a
function of both δt and the distance separation r. In each case, we are subtracting the fixed
mass correlator with m2 (t/δt = τ). The dashed lines correspond to computing the fixed mass
quench correlator with m = min for the different separations r. The purple solid line shows the
analytic leading order contribution to hφ2 i, given by eq. (4.44).

4.5

Late time behaviour of φ2

In [13], we found some interesting behaviour for the expectation value of φ2 when we examined
d = 4 at late times. Essentially, the expectation value for the smooth quench did not depend
on the quench duration δt. This result led us to conjecture that this late time behaviour agrees
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with that in an instantaneous quench.
In this section, we return to this issue, first by reviewing the d = 3 result and then by
considering late time behaviour for higher dimensions. We will show that the agreement between smooth and instantaneous quenches found in d = 3 does not generally occur in higher
dimensions.

Review of d = 3

4.5.1

The starting point will be to consider the correlator in eq. (4.21) for instantaneous quench, and
evaluate this expression at coincident points in space and time, i.e., ~x = ~x0 , t = t0 . Of course,
this expectation value is divergent in the UV, so it must be regulated. In [13] we showed how
to carry out the regularization in detail, but for now it will be enough to compute the difference
between the quenched expectation value and that for a fixed mass m to produce a finite result.
After subtracting, we get the finite difference
2

2

hφ iquench − hφ i f ixed

m2
=
4π

Z
√

dk

k k 2 + m2

sin2 kt

(4.52)

for d = 3. Interestingly, this expression can be integrated analytically and the solution expressed in terms of generalized hypergeometric functions,
2

2

hφ iquench − hφ i f ixed

!
!!
1
3 22
m2 t 2 π
3 3
2 2
; 1, ; m t − 2 F3 1, 1; , , 2; m t .
=
1 F2
4π 2 t
2
2
2 2

(4.53)

The complete analysis of this solution can be found in [13], but let us just say here that
the expectation value begins by growing linearly when mt  1 (but still t/δt  1) but then
for very late times, i.e., mt  1, the expectation value keeps increasing but now only at a
logarithmic rate, i.e., hφ2 iren ∼ log(mt). As we show in [13], the instantaneous quench and
the smooth quench calculation coincide for d = 3, basically because the integrand for the
smooth quench decays fast enough, in a way that the approximation of ωδt  1 continues
to be valid. Recall from the discussion at the end of section 4.2, that it is possible to obtain
the instantaneous quench expectation value starting from the smooth quench and taking both
the late time limit, i.e., t/δt  1, and the low energy limit, i.e., ωδt  1, for every ω in the
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problem. However, we generally need to integrate momentum k up to infinity with fixed δt, so
usually this approximation will break down for large enough k (remember that ωout = k in the
quench to the critical point). In the special case of d = 3, though, the integrand decays in a way
that only the low momentum modes contribute and then the approximation is reasonable. In
the next subsection, we will show that this is a particular effect of the three-dimensional case
and does not hold in higher dimensional spacetimes.

4.5.2

Higher dimensions

The main problem that arises in taking the late time limit in higher dimensions is that the
expectation value for the instantaneous quench cannot be regulated by simply subtracting the
fixed mass expectation value for d > 3. Moreover we will show that it cannot be regulated
using the usual counterterms found in [12, 13]. This fact will be taken as a hint to argue that
in fact, the low energy approximation is not valid in evaluating the late time expectation value
of φ2 in higher dimensions. Then, in order to get the expectation value for the smooth quench,
what one should really do is to fully evaluate eq. (4.17) in the limit where t/δt  1. Of
course, without taking the extra low energy approximation, it will be impossible to recover
the instantaneous quench answer, that it will turn out to be UV divergent for d ≥ 7 and then,
infinitely different from the UV finite result for the smooth quench.
So, let us start by evaluating the bare expectation value for φ2 in the case of an instantaneous
quench. In this case we have,
Ωd−2
hφ i =
2(2π)d−1
2

Z


kd−4 dk  2
k + m2 sin2 (kt) .
√
k2 + m2

(4.54)

To explore the UV behaviour, we expand the expression above for large k and for up to d = 9,
the results can be summarized as
1
hφ i =
σs
2

Z

m2 3m4 5m6
−
+ O(k−7 )+
+
2k 8k3 16k5
!!
m2 m4 3m6 5m8
2
−9
+ sin (kt)
− 3+ 5 −
+ O(k ) .
k
2k
8k
16k7
dk kd−4 k −

(4.55)

Of course, the terms appearing in the first line are those same divergent terms that we expect
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from the constant mass case,
2

hφ i f ixed

1
=
σs

Z
√

kd−2
k 2 + m2

dk .

(4.56)

But in eq. (4.55), we also have divergent terms in the second line proportional to sin2 (kt)
that do not correspond to any physical counterterm contributions found in eq. (4.36). In fact,
as we are interested in the long time behaviour of the expectation value and given that the
mass profile (and its time derivatives) decay exponentially in time, the only remaining physical
counterterm in this limit should be the mass independent term of eq. (4.36), i.e., kd−3 .
In evaluating hφ2 iren , we integrate over all momenta, but the integral is divergent (even after
taking into account the physical counterterms). The reason for this behaviour is that in higher
dimensions the approximations of eq. (4.22) are not longer valid. One way to realize this is
to compare it with the expression before that approximation. Recall that this is given by eq.
(4.17), which after some manipulation, in the late time limit becomes,
hφ i smooth =

σ−1
s

Z

=

σ−1
s

Z

2

Φ2 (k) dk

(4.57)

!
o
kd−2 n 2
?
2iωout t
?
−2iωout t
2
d−3
dk
|α~ | + α~k β−~k e
+ α~k β~k e
+ |β~k | − k
,
ωout k

where α~k and β~k are given by eq. (4.14). Now we wish to compare this integral with the result
for an instantaneous quench
hφ iinstant =
2

σ−1
s

Z

Φ (k) dk =
2

σ−1
s

Z
dk √

kd−4
k 2 + m2

!


2
2
2
d−3
k + m sin (kt) − k
.

(4.58)

For this comparison, we start by examining the integrands Φ2 (k). For d = 5, this is done in
fig. 4.8, where we choose δt = 10−3 and we evaluate the expression at t = 10. However, our
results generalize to the full range of values where the approximation of late times is valid.
What we see is interesting: if we focus on small momenta, as shown in fig. 4.8(a), both the
approximate and the full integrands agree. They both show a highly oscillating behaviour,
that seems to continue to larger momenta and which would make both integrals diverge if it
did so. However, what we see in fig. 4.8(b) is that in fact this behaviour does not continue
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for very large k in the case of eq. (4.57). It can be seen that Φ2 (k) decays to zero for large
momentum in the case of the full integral, as required to produce a UV finite result. Instead,
the approximate integrand continues to oscillate and so produces a UV divergent integral. In
fig. (4.8), we see that the two integrands differ substantially for k & 1000, i.e., for kδt & 1. Of
course, the approximation of ωout δt  1 is no longer valid in this regime and hence it is natural
to expect that they should differ there. The approximations of eq. (4.22) are not valid to obtain
the correct late time limit of hφ2 i in higher dimensions and hence the expectation value does
not match that after an instantaneous quench. To complete this analysis we show that the same
happens for d = 7 in fig. 4.9, where the oscillatory behaviour is even increased by a power law
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Figure 4.8: (Colour online) Analysis of the approximation of low energies and late times in
d = 5. We show results for δt = 10−3 , t = 10 and m = 1. In the first figure, we show that Φ2 (k)
in both eqs. (4.57) and (4.58) coincide when evaluated for small k. However in the second
plot, we see that the full integrand (blue) decays for large k while the approximate solution
(red) keeps oscillating. The second plot looks fully painted because of the highly oscillatory
nature of the functions.
To conclude this section, let us summarize our findings with regards to the late time limit
after the quench. We have considered two different protocols to quench a scalar field: the
instantaneous one, where we suddenly start evolving an eigenstate of the massive case with
the massless Hamiltonian; and the smooth one, where we continuously evolve the mass of the
scalar field from the massive case to the massless in a time scale of δt. Now one would think
that these different protocols must give different answers in the early time evolution,5 but that
in the limit of δt going to zero and for late times, we should obtain similar results. In [13] we
5

In our case, we obtain this interesting universal scaling near t = 0.
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Figure 4.9: (Colour online) Analysis of the approximation of low energies and late times in
d = 7. We show results for δt = 10−3 , t = 10 and m = 1. In the first figure, we show that Φ2 (k)
of both eqs. (4.57) and (4.58) coincide when evaluated for small k. However in the second
plot, we see that the full integrand (blue) decays for large k while the approximate solution
(red) keeps oscillating. The second plot looks fully painted because of the highly oscillatory
nature of the functions.
showed that effectively, if we take the limit of t/δt  1 and also ωδt  1 for every ω, we can
reproduce the instantaneous quench result from that for the smooth quench and so in principle,
we might expect the same late time behaviour in both cases. This allowed us to identify the
interesting logarithmic growth behaviour of the scalar field for late times in d = 3. In a self
consistent way, we showed that both of these approximations were reasonable in d = 3 and
so, the late time behaviour for the smooth and the instantaneous quench agreed. However, we
found that this agreement in d = 3 was fortuitous because when we tried to repeat the analysis
in higher dimensions, we found that the approximations of eq. (4.22) are no longer valid. That
is, higher momenta (and hence, higher frequencies) contribute significantly to the expectation
value of φ2 in higher dimensions and cannot be neglected. Hence for d ≥ 4, the instantaneous
quench gives a result for hφ2 i at late times which is infinitely different from the smooth quench
result. In particular, the smooth quench gives a finite late time limit for hφ2 i as δt → 0 [13],
while the corresponding result appears to diverge in an instantaneous quench.

4.5.3

Regulated instantaneous quench

It is interesting to note that the integrand in eq. (4.58) for the instantaneous quench in higher
dimensions does not decay to zero for large momentum. Instead, it seems to show a rapid
oscillatory behaviour around zero, as shown in figs. (4.8) and (4.9). So one may think that
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even though the amplitude is diverging, the positive and negative part are cancelling in every
period and so, in some sense, we may be able to recover a finite result from these integrals. In
fact, we are inspired here by the way that the fixed mass correlators were regulated in Appendix
4.9.
Hence let us go back to our instantaneous quench results. For d = 5, the behaviour of the
expectation value of φ2 for large k can be extracted from eq. (4.55). This gives,
1
hφ i −−−→
k→∞ σ s

Z

2

!
m2
2
2
dk k −
+ m sin (kt) .
2
2

(4.59)

The first divergence, proportional to kd−3 is our usual counterterm that we will subtract. But
note, then, that the term proportional to sin2 can be re-written to yield
2

hφ iren

1
−−−→
k→∞ σ s

Z

!
Z
cos(2kt)
m2
1
2 1 − cos(2kt)
dk −
+m
dk
,
=−
2
2
σs
2

(4.60)

and this is one of the integrals that we now know how to regulate (just put α = 0 and x = 2t
in eq. (4.100). Of course, this is just showing the large k behaviour of the integral. In order
to get the full answer we should include all momenta and this, unfortunately, can only be done
numerically. But, in principle, since we know how the integral behaves for large k, we should
be able to get a finite result for our integral as well by using this new regulator. The results
are shown in fig. 4.10, where we evaluate numerically the instantaneous quench solution of eq.
(4.58) for d = 5 and adding a regulator exp(−ak),
hφ (a)iinstant =
2

σ−1
s

Z

k

dk √
k2 + m2

!


2
2
2
2
k + m sin (kt) − k exp(−ak) .

(4.61)

We evaluate the expectation value at late times, mt = 10, and compare it with the smooth
quench also at late times, where we are using δt = 1/20. We find that as we take a to zero, the
regulated integral for the instantaneous quench approaches some finite value, showing that the
integral converges. However, this value differs from that for the smooth quench in a relative
amount by
hφ2 (a → 0)iinstant − hφ2 i smooth
0.1670 − 0.1490
∼
∼ 0.121.
2
hφ i smooth
0.1490

(4.62)
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Figure 4.10: (Colour online) Expectation value of φ2 in the instantaneous quench as a function
of the regulator parameter a for d = 5 and mt = 10. The values of a go from 10−1 to 10−4 in
a logarithmic scale. The solid line represents the value for the smooth quench at mt = 10 and
δt = 1/20.

So even if we found a way to make sense of the divergent integral in d = 5, the result does not
quite coincide with the smooth quench result, where no approximation is made (apart from the
late time limit approximation).
Note that the relative difference in eq. (4.62) is of order mδt. To quantify this difference
more precisely we compute the expectation value in the instantaneous quench case with a =
10−3 and mt = 10. We then vary δt in the case of the smooth quench and compute the relative
error between the two results. The outcome is shown in fig. 4.11. We see that for δt ∼ 1, the
two protocols give very different answers. But this is expected because a large δt means going
into the adiabatic regime and this need not to agree with the rapid quench even at late times.
Instead, as we decrease δt, we see that the relative difference between the two approaches
also diminishes and in fact, when δt is of order 10−3 , the relative error is also of that order of
magnitude.
Naively, one may think that it is possible to understand this behaviour by expanding the
expectation value in powers of δt. To do that we start with the smooth quench integral in eq.
(4.57). We then expand the Bogoliubov coefficients α~k and β~k for small δt and compute the
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integrand to lowest orders in δt. This results in
2

hφ i smooth

1
=
σs

Z
dk

kd−4



k2 + m2 sin(kt)2 +
√
k2 + m2
!
2 2 

2
2π m
2
2
2
3
+δt
k − (2k + m ) sin (kt) + O(δt ) .
12

(4.63)

Let us analyse this last expression. The first term is independent of δt and one can easily see
that it exactly matches the expression for the instantaneous quench in eq. (4.58). Of course,
this match was known implicitly, since expanding for δt  1 in the previous expression is
actually expanding for ωδt  1 and the agreement found above is the claim that we could
reproduce the instantaneous result by taking the small frequency limit of the smooth quench.
The next term in the δt expansion appears at order δt2 . So, again naively, one might expect that
hφ2 i smooth = hφ2 iinstant + γδt2 + O(δt3 ), for some number γ. However, if we look carefully at the
integral that gives this correction at order δt2 , we will see that it is in fact divergent for d ≥ 5.
We can try to regulate it by adding a regulator as in Appendix 4.9, but in fact we will see that
apart from the oscillating term (which can be regulated) there is an extra constant term in the
1
integrand, i.e., − 24σ
π2 δt2 m4 , that will make the integral divergent as we integrate over k from
s

0 to ∞.

This is closely related to the fact that if we try to fit the relative error by some power law
expression in the region of small δt — see red dashed line in fig. 4.11 — we find that the error
does not scale as δt2 but the exponent is rather close to 1.40. This is another sign that this naive
expansion is somehow ill-defined for d = 5. Again, we should say that behind this expansion
it is assumed not only that δt is small but that ωδt  1, for every ω in the problem, and we
already showed that the assumption is not valid for d ≥ 5.

The situation is even worse in higher dimensions, where the first term in the series, i.e., the
order δt0 term in eq. (4.63), fails to converge. As an example, we show what happens in d = 7.
Even though in fig. 4.9 the integrand appears to oscillate around zero, this is not the case. For
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Figure 4.11: (Colour online) Relative error in the computation of hφ2 i at late times using the
smooth and the instantaneous quench as a funtion of δt. Here we are regulating the instantaneous result with a = 10−3 and evaluating at time mt = 10. The red dashed line is showing
the fit of the first points (from δt = 1/1000 to δt = 1/800) by a power law function of the type
f (δt) = aδtα , where a = 20.03 and α = 1.404. The inset zooms in the region where the fit was
made showing perfect agreement between the points and the fit.

large k, we have, after subtracting the usual counterterms,
2

hφ iren −−−→
k→∞

!
!
m2 2 3m4
m4
2
2 2
dk − k +
+ mk −
sin (kt)
2
8
2
!
Z

1 4
m4
1
2 2
dk
m − 2m k cos(2kt) +
.
'
σs
4
8
1
σs

Z

(4.64)

So, even though the first two terms could be regulated using the above prescription, there is an
extra constant term that cannot. Adding the regulator to the term proportional to m4 /8, we will
get a result which diverges as a → 0,
m4
8

Z
0

∞

m4
exp(−ak) =
,
8a

(4.65)

and so, the limit of a → 0 in this case will be nonsense. The same also happens in any higher
number of dimensions. In fact, the only reason why this worked in d = 5 was because the
divergent terms with the sin2 term, exactly matched the terms without the sin2 term, in a way
that made the whole integrand to oscillate around zero. But this, as shown above, does not
happen in general and so, the instantaneous quench approximation in higher dimensions gives
a value for hφ2 i which differs by an infinite amount from the smooth quench result, even in the
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late time limit.

4.6

The energy density at late times

In [12, 13], it was argued that the renormalized energy density for a quench satisfying eq. (4.2)
obeys a scaling relation (4.3),
δEren ∼ δλ2 (δt)d−2∆ .

(4.66)

This result is consistent with the scaling of the expectation value of the operator (4.4) since it
satisfies the Ward identity
dEren
= − ∂t λ(t) hO∆ iren .
dt

(4.67)

In the corresponding scaling relation (4.4) for the quenched operator, hO∆ iren is measured earlier than or soon after the end of the quench. However, the energy scaling (4.66) will be valid
for arbitrarily late times since the energy is injected into the system only during the quench.
The equation (4.66) gives the δt dependence. The energy density itself will have additional
finite pieces, which would be subdominant for ∆ > d/2, but in fact give the dominant contribution for ∆ < d/2.
In this section, we will concentrate on the energy density for the free bosonic field with the
mass profile (4.6) at asymptotically late times and calculate a UV finite quantity: the excess
energy above the ground state energy of the system with the value of the coupling at asymptotically late times. We will perform the δt → 0 limit and compare the results with that of an
instantaneous quench.
In terms of the “in” modes the energy density is given by
1
E=
2

Z


dd−1 k 
2
2
2
2
|∂
u
|
+
(k
+
m
(t))|u
|
~k
t ~k
(2π)d−1

(4.68)

Since we are interested in the behavior of this quantity at late times, it is convenient to express
this in terms of the “out” modes. In terms of the Bogoliubov coefficients α~k , β~k defined in (4.13)
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and (4.14) this becomes
1
E=
2

Z

dd−1 k
(2π)d−1

([ω2out + k2 + m2 (t)](|α~k |2 + |β~k |2 )|v~k |2 |
+[k2 + m2 (t) − ω2out ](α~k β~?k v~k v−~k + α~?k β~k v~?k v?−~k )) .

(4.69)

In deriving this expression, we have used the fact that α~k and β~k depend only on |~k|. At t = ∞,
the second line of eq. (4.69) vanishes. Using the relation |α~k |2 − |β~k |2 = 1 and the asymptotic
form of the out modes at t → ∞, i.e.,
1
~
v~k → √
ei(k·~x−ωout t) ,
2ωout

(4.70)

one gets
1
E=
2

Z



dd−1 k
2
ω
1
+
2|β
|
.
~
out
k
(2π)d−1

(4.71)

However, the ground state energy of the system with the final value of the mass is given by
Eground

1
=
2

Z

dd−1 k
ωout .
(2π)d−1

(4.72)

Therefore the excess energy over the final ground state is given by
∆E =

Z

dd−1 k
ωout |β~k |2 .
(2π)d−1

(4.73)

Using the explicit form of the Bogoliubov coefficients in eq. (4.14) and integrating over the
angles, we arrive at the final expression
Ωd−2
∆E =
(2π)d−1

Z
0

∞

dk kd−2 ωout

sinh2 (πω− δt)
.
sinh(πωin δt) sinh(πωout δt)

(4.74)

For the mass profile (4.6), the integral in eq. (4.74) is finite for any finite δt. In fact, for small
k, the integrand approaches (kd−2 ) tanh(πmδt)
, while for large k, it becomes (kd−3 )m4 (δt)2 e−2πkδt .
2πδt
Hence the integral above is convergent both in the IR and UV for any physical d ≥ 2.

To analyze the small λ = mδt limit of eq. (4.74), let us first scale out a power of δt to write
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∆E = (δt)−d I1 (λ) where
I1 (λ) =

Z

∞

dq qd−1
0

p
sinh2 [ π2 ( q2 + λ2 − q)]
.
p
sinh(π q2 + λ2 ) sinh(πq)

(4.75)

Clearly I1 (0) = 0. However the small λ dependence is different for different dimensions. It
turns out that
I1 (λ) ∼ λd
∼ λ4

d = 2, 3 ,
d ≥ 4.

(4.76)

The above behavior was determined from a direct numerical evaluation of the integral in eq.
(4.75) and fitting the results shown in fig. 4.12.
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Figure 4.12: (Colour online) The integral I1 (λ) in eq. (4.75) as a function of λ on a logarithmic
scale. The data are for d = 2, 3, 4, 5, 6, 7 from top to bottom. The solid lines correspond to
I1 (λ) ∼ λd for d = 2, 3 and I1 (λ) ∼ λ4 for d = 4, 5, 6, 7. Note that the fit in d = 4 is not as good
as the others, which suggests that there are log corrections to the leading behavior for d = 4.
This means that for d = 2, 3, the excess energy has a smooth finite small δt limit with
∆E ∼ md . The leading answer is exactly the same as the energy excess for the instantaneous
quench, which can be read off easily from the corresponding Bogoliubov coefficients (4.20)
(for the mass profile (4.6))
∆Einstant

Ωd−2
=
(2π)d−1

Z

√
(
k2 + m2 − k)2
dk kd−1
.
√
4k k2 + m2

(4.77)
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This quantity ∆Einstant is finite for d = 2, 3 and hence we have
m2
,
16π
m3
.
=
24π

∆Eδt→0 |d=2 =
∆Eδt→0 |d=3

(4.78)

To estimate the corrections to this leading small λ behavior consider the difference of the excess
energy to the excess energy due to an instantaneous quench,


δE = ∆E − ∆Einstant = δt−d I1 (λ) − δtd ∆Einstant ≡ md I2 (λ) .

(4.79)

A numerical evaluation of this quantity shows
δE ∼ m4 δt4−d ,

(4.80)

both for d = 2 and 3. This behaviour is shown in fig. 4.13, which is a log-log plot of the
quantity I2 (λ). Clearly, we have I2 (λ) ∼ λ2 for d = 2 and I2 (λ) ∼ λ for d = 3, which leads to
the scaling in eq. (4.80).
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λ

Figure 4.13: (Colour online) The absolute value of I2 (λ) = m−d δE as a function of λ = m δt on
a logarithmic scale. The data are for d = 2, 3 from bottom to top. The solid lines correspond to
the curves I2 (λ) ∼ λ2 for d = 2 and λ for d = 3. Those curves correspond to the best fit of the
numerical data in the region 10−7 < λ < 10−5 .
On the other hand, for d = 4, 5, . . ., one recovers the desired scaling from the leading
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behaviour, i.e.,
∆E ∼ λ4 δt−d = m4 δt4−d ,

(4.81)

with logarithmic corrections for even dimensions. Thus for these dimensions, the energy density diverges in the mδt → 0 limit. At the same time, the energy density for an instantaneous
quench diverges in the UV for these dimensions. Let us emphasize this point once again:
our results show that the energy density is UV finite after a smooth quench; however, in the
limit mδt → 0, that energy density diverges, just as in the instantaneous quench, where the
divergence is in the UV.
These results also indicate that for d ≥ 4, the excess energy is in fact given by linear
response. This is in accord with the computation of the renormalized expectation value of φ2
and the renormalized energy density for d ≥ 4, as described in [12, 13]. Indeed if we extract
the leading piece in a small λ expansion by expanding the integrand in eq. (4.75) we get the
expression

π2 λ4
I1 (λ) ∼
16

∞

Z
0

qd−3
dq
.
(sinh(πq))2

(4.82)

This expansion makes sense when the above integral is convergent. However the integral is IR
divergent for d = 2, 3, 4. The latter explains is why I1 (λ) does not have an expansion in terms
of λ2 in these dimensions.

4.7

Excess Energy for General Theories

The discussion in section 4.6 suggests that the scaling of the excess energy should be a property
of a general interacting field theory. In this section, we argue that this is indeed true.
Consider an action
S = S CFT +

Z

dt λ(t)

Z

dd−1 x O(~x, t) ,

where S CFT is a conformal field theory action. The function λ(t) is of the form




λ0





λ(t) = 
λ0 + δλ F(t/δt)






 λ1 = λ0 + δλ

for t < 0 ,
for 0 ≤ t ≤ δt ,
for t > δt .

(4.83)
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Alternatively, we may write λ(t) = λ0 +δλ F(t/δt) if we specify F(y ≤ 0) = 0 and F(y ≥ 1) = 1.
We leave the details of the function F(y) during the transition (i.e., 0 ≤ y ≤ 1) unspecified other
than that the maximum is finite with Fmax ≥ 1. Further, this profile may dip below zero by some
finite amount and so we specify the minimum as Fmin ≤ 0. Implicitly, we are also assuming
that the profile is smooth.
The system is prepared in the ground state of the initial action. Let us evaluate the total
energy density E(t) at some time t > δt in a perturbation expansion in δλ. To quadratic order
in δλ, this expression is given by
E(t) = E0 − δλ F(t/δt) h0, λ0 |O(~0, 0)|0, λ0 i
Z t Z
2
− i δλ F(t/δt)
dt0 dd−1 x0 F(t0 /δt) h0, λ0 |[O(~x0 , t), O(~0, t0 )]|0, λ0 i
0
Z t Z t0
Z
2
0
00
− E0 δλ
dt
dt
dd−1 x0 F(t0 /δt) F(t00 /δt) h0, λ0 |O(~x0 , t0 )O(~0, t00 )|0, λ0 i
0
0
Z t Z t0
Z
2
0
00
− E0 δλ
dt
dt
dd−1 x0 F(t0 /δt) F(t00 /δt) h0, λ0 |O(~0, t00 )O(~x0 , t0 )|0, λ0 i
0
0
Z t Z t
Z
2
0
00
+ δλ
dt
dt
dd−1 x0 F(t0 /δt) F(t00 /δt) h0, λ0 |O(~x0 , t0 )H0 O(~0, t00 )|0, λ0 i
0

0

+O(δλ ) ,
3

(4.84)

where H0 is the initial Hamiltonian, |0, λ0 i is the ground state of the initial Hamiltonian, and E0
denotes the initial ground state energy density. Here we have used space translation invariance
as well as the fact that one point functions in the initial ground state are constants in both space
and time. On the other hand, the expectation value of the operator O is, to order δλ, given by
h0, λ0 |O(~x, t)|0, λ0 i = h0, λ0 |O(~0, 0)|0, λ0 i − i

Z

t

Z
d

d−1

x

dt0 λ(t0 ) h0, λ0 |[O(~x, t), O(~0, t0 )]|0, λ0 i .

0

(4.85)
Using this, it is straightforward to verify that the Ward identity
dλ(t)
dE(t)
=−
h0, λ0 |O(~x, t)|0, λ0 i ,
dt
dt

(4.86)

is satisfied.6
6

The time derivatives of the second and third lines in eq. (4.84) cancel the time derivatives which act on the
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We are interested in evaluating eq. (4.84) at late times. However since the coupling is a
constant for t ≥ δt, the energy density at infinitely late times is exactly the same as the energy
density at t = δt. The ground state energy density of the final Hamiltonian is given by the
standard expression
R
2 X |h0, λ | d d−1 x O(~
x, 0)|n, λ0 i|2
δλ
0
E f = E0 − δλ h0, λ0 |O(~0, 0)|0, λ0 i − 2
+ ··· ,
V n,0
E0 − En

(4.87)

where En denote the energy densities of the excited states |n, λ0 i of the initial Hamiltonian and
V is the volume of the system. It is clear from eqs. (4.84) and (4.87) that the excess energy
density ∆E = E(δt) − E f starts at O(δλ2 ). Moreover we expect that the UV divergences in E(t)
for t ≥ δt are cancelled by those in E f . This expectation comes from the following fact: as
seen in the previous sections, and in [12, 13], the UV divergent terms depend on both λ(t) and
its time derivatives. However for t > δt, the coupling is constant and these time derivatives
vanish. Therefore, the UV divergent terms should be those of the constant coupling interacting
theory. While this is explicit in the free field theory considered in section 4.6, we do not
have an explicit proof for general interacting theories but it stands as a reasonable expectation.
If the resulting expression for ∆E is also IR finite, it is determined to this order entirely by
dimensional analysis,
∆E ∼ δλ δtd−2∆ .

(4.88)

Further, as discussed in [12, 13], the corrections to this result would be a power series in the
dimensionless coupling g = δλ δtd−∆ , which is small in the fast quench limit.
This argument will fail if the integrals involved in ∆E are IR divergent. This can be seen to
happen when 2∆ > d, as we have explicitly seen for the free field theory for d = 2 and 3.

4.8

Discussion

The aim of this paper is to establish a precise relation between the smooth fast quench and the
instantaneous quench. These are the most common quench protocols discussed in high energy
theory and condensed matter physics literature, respectively. Naive reasoning would say that
upper limit of integration in the third term of the first line.
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if one considers the evolution at very late times (with respect to the quench rate δt), then both
protocols should give the same result since δt would be negligible. However, our results in
this paper suggest that they may or may not give the same answers depending on a variety of
factors such as the spacetime dimension, the scaling dimension of the quenched operator and
how much time after the quench is considered. In this paper, we computed spatial correlators,
local expectation values and the energy density. In this section, we summarize our results,
making precise statements on when the abrupt approximation makes sense. We also discuss
different procedures to regulate the energy density. The bulk of our comments below relate to
the explicit calculations performed in the free field theory. However, as we will discuss at the
end of this section, we expect that these conclusions hold for generic interacting theories for
smooth fast quenches as defined in eq. (4.2).

Spatial Correlators
The study of spatial two-point correlation functions is interesting because they are UV-finite
quantities that introduce a new scale to the problem, i.e., the spatial separation r. The behaviour
of this object is very different depending on the time at which we compute it. We summarize
the results here for early times, i.e., t/δt ∼ O(1), and for very late times, i.e., t/δt  1 and
mt  1.
• At early times, we can distinguish between three different regimes.
When mδt > 1, independently of r, we are in the slow quench regime, so we cannot compare with our previous results. However, there should be some signatures of universal
behaviour corresponding to the Kibble-Zurek scaling when quenching through a critical
point. We leave this appealing point for further research in the future [16].
The most interesting feature appears when r < δt < 1/m. This means that the quench is
fast since mδt < 1 but the spatial separation defines the smallest scale. Then we found
that the same universal scaling that was reported in [12, 13] appears in the two-point
spatial correlation function. This holds in any spacetime dimension and for arbitrary
“early” times. We can think of this correlator as a version of hφ2 i regulated with point
splitting and so, r plays the role of a short distance cut-off — see below.
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In general, we would continue to decrease δt towards the instantaneous limit in which
δt → 0. However, in this correlator, we are limited by the distance separation r. In fact,
the correlator saturates as δt gets of order r and then the result becomes independent of
δt. In all this analysis we were able to take the UV cut-off to infinity but we expect a
similar behaviour when working in theories with a finite cut-off, with r−1 playing that
role here.
• At late times, the results depend on the spacetime dimensions and on the separation distance. For long distances, in any dimensions, the correlator for the instantaneous quench
and the smooth quench coincide. As the separation becomes smaller, the behaviour is
different depending on the spacetime dimensions: for d = 3, the smooth and the instantaneous correlator continue to coincide as r → 0; for d = 5, there appears a small
finite difference that goes to zero as δt goes to zero; finally, for d = 7 the two correlators
differ by an infinite amount as r → 0. We expect the latter behaviour extends in higher
dimensions.

Expectation value of φ2
We showed that the short distance expansion of the correlator is in one-to-one correspondence
with the counterterms needed to regulate the bare expectation value of φ2 . Then, it should not
be a surprise that the behaviour of the hφ2 i at late times is very similar to that of the spatial
two-point correlator at late times but with small spatial separation. In fact, we showed that for
d = 3, the smooth and the instantaneous quench give the same answer. When evaluated for
d = 5, the smooth quench differs from the instantaneous quench but only in a finite amount that
is of order δt. In higher dimensions, however, it is impossible to regulate the expectation value
of φ2 in the case of the instantaneous quench. The smooth quench, in contrast, has a smooth
finite limit as δt → 0 and so, the two approaches yield infinitely different results.

Regulating the energy density
Both in the present and previous [12,13] works, we worked in a framework where UV-divergent
quantities where regulated by adding suitable counterterms. Of course, we showed how to con-
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struct those counterterms and how they yield finite values for quantities such as the expectation
value of hφ2 i and the energy density. The way in which such a subtraction is done is much
in the spirit of how regularization works in AdS/CFT through what is known as holographic
renormalization [17–19]. There we add an extra counterterm (boundary) action to the usual
gravitational action to get finite expectation values. This is how, for instance, expectation values for holographic quantum quenches are regulated in [10], which served as a motivation to
our studies. Our approach is also reminiscent of the way field theories in curved spacetimes
are regulated.
However, a number of things about this procedure may appear strange to a typical field
theorist. In particular, the fact that our counterterms first, depend on time and second, some
terms depend on time derivatives of the quenched coupling. In this section, we would like to
go back to this procedure and compare it with other candidates.
To summarize, we define a renormalized energy density by subtracting counterterm contributions from a bare energy density (and taking the cut-off to infinity). Basically, hEiren ≡
Equench − Ect where Equench and Ect separately diverge as the cut-off goes to infinity but hEiren is
finite. We also showed in [13] that with this definition of renormalized energy density (and an
equivalent for the scalar field), we satisfy the Ward identity in any spacetime dimension and
for any quench protocol.
A second, perhaps more standard approach, would be to recognize the divergences as coming from the zero-point energy for the scalar field. Each momentum mode behaves as a single
harmonic oscillator and then if we sum all the zero-point energies, i.e., 12 ω(k), we get a divergent quantity. This is what we call E f ixed , that is, the energy density for a scalar field of fixed
mass at any instant of time. Again, one would naively say that we should get a UV finite value
if we subtract Equench − E f ixed . One nice thing about this is that if we go to very early or very
late times where the mass is constant, there is a ground state and it has precisely zero energy
density and any other state has a positive energy density. Even if this procedure works for low
dimensional spacetimes, we showed that is not enough in higher dimension. In fact, for d = 3
and 5, we have
E f ixed − Ect ∝ md ,

(4.89)
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while in d = 7,
E f ixed − Ect ∝ m7 + m2 ∂2t m2 Λ,

(4.90)

where Λ is some energy UV cut-off. So first thing to note is that for d < 7 (actually, for
d < 6) both the counterterm energy density and the fixed energy density only differ by a finite
amount, so if one is sufficient to regulate the theory then, so is the other. Moreover, as most
of our study corresponds to the fast quench regime where mδt  1, this finite amount would
be negligible compared to the scaling with δt and so, the conclusion will be unchanged using
either approach.7 Let us also note that the subtraction of E f ixed also satisfies the Ward identity.
This is easy to see as the only time dependence is on the mass, so
∂t E f ixed =

∂t σ−1
s

Z
dk k

d−2



!
d−2
p
 −1 Z

1
k
 ∂t m2 (t),
k2 + m2 (t) = σ s
dk p
2
2
2
k + m (t)

(4.91)

but the term in parentheses in the final expression is just the bare expectation value of φ2 with
an instantaneous mass m(t) — compare to eq. (4.56)—, which gives exactly the Ward identity
in eq. (4.16).
The situation is completely different in higher dimensions, though. The energy density of
the quench has more divergences than those appearing in E f ixed . These are proportional to time
derivatives of the quenched coupling. If we suppose that all the quench happens within a time
of order δt of, say, t = 0, then these terms will not affect what happens at very early and very
late times, so it is possible to compute Equench − E f ixed in those regimes. However, if we want
to follow the evolution through the actual quench, Equench − E f ixed is just divergent and we do
not have a finite observable in the middle of the process. This is the main reason why Eren is a
better measure of what is going on during the quench, i.e., because it allows us to compute the
energy density at any time in any spacetime dimensions.
All of these situations are depicted in fig. 4.14, where to show clearly what is going on we
set as the zero of energy density with Ect in the first row and with E f ixed in the second. For
d = 3 and 5, both approaches are valid and we see that the only difference is on some small
quantity proportional to m. We showed both d = 3 and d = 5 because E f ixed and Ect differ
in each case by a different amount. While in d = 3, the difference is negative, in d = 5, it is
7

See, however, the discussion on the reverse quench in d = 3.
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positive. In d = 7, however, we can follow Eren but not the other one. Then, it is clear now that
the naive intuition is wrong or at least is not complete.
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Figure 4.14: (Colour online) Schematic description of the evolution of the energy density after
a quench as a function of time depending on the regularization scheme. In the first row we
exemplify the counterterm subtraction that allows us to follow the evolution for any time, even
during the quench itself, characterized by the time scale δt. Taking the counterterm energy
density as the zero of energy density, at very early times, the starting energy density is negative
for d = 4k + 3 and positive for d = 4k + 1, with k ≥ 0 integer. In the second row we take
the fixed energy density as the zero of energy density. In this case, all the quench energies are
greater than this ground zero energy density. The reason is that the fixed mass energy density
is the energy density for the scalar with a fixed mass and no quench, so any energy inserted
during the quench will give a positive additional contribution. Note that in low dimensional
spacetimes, the fixed energy density differs from the counterterm energy density but always by
a finite amount proportional to a power of the mass at that instant of time, while the quench
energy density usually scales also with δt, so our universal scalings, i.e., δE ∼ δλ2 δtd−2∆ , will
appear in any case. The same will happen in greater dimensions at very early and very late
times. However, for d ≥ 6 during the quench, it is not sufficient to subtract the fixed energy
density, as there are extra UV divergences in the quenched energy density that are proportional
to time derivatives of the mass. In this case, subtracting the fixed energy density is sufficient
to compute the energy density at very early or very late times but not during the middle of the
quench. This is depicted in the plot in the bottom-right corner for d = 7 but is a general feature
of higher dimensional spacetimes. In the same way, in the upper-right plot we cannot sketch
E f ixed − Ect during the quench as they differ by an infinite amount.
The next step would be to think whether there is some other way to regulate the energy
density in higher dimensions. A possible answer already appeared in [12, 13] while not com-
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pletely emphasized. We know that the counterterms come from an adiabatic expansion. At
zeroth order, this adiabatic expansion gives just the fixed energy density that corresponds to
doing the quench infinitely slowly so that, at each instant of time, the energy density is just the
energy density needed for the scalar field to have that particular mass m(t). What we do to get
the counterterms in just to expand the adiabatic expansion for large momentum and then extract the divergent pieces. As mentioned, at zeroth order, the fixed energy density differs from
the counterterm energy density by a finite piece proportional to md (t). But we also know that
for higher dimensional spacetimes we need to go to higher orders in the adiabatic expansion
to capture the divergences involving time derivatives of the mass. So an idea to generalize the
fixed energy density subtraction to higher dimensions would be that, instead of subtracting just
the counterterms, to subtract the full energy density in the adiabatic expansion to that order.
This would correspond to the energy of a slow quench but going beyond the zeroth order.

To be more explicit, in the adiabatic expansion shown in [13] we defined incoming modes
of the form
1
u~k = √
exp i ~k · ~x − i
2 Ωk (t)
Then we found that

Z

t

!
Ωk (t )dt
0

0

!
!
1 ω̈k 3ω̇2k
1
−
Ωk = ωk −
+O 3 4 ,
4ωk ωk 2ω2k
m δt

.

(4.92)

(4.93)

where ω2k = k2 + m(t)2 . So the zeroth order term in Ωk is the fixed mode energy density but this
is then corrected with a second term that is second order in time derivatives of the mass and so
forth.

For d = 7, we showed that it is enough to expand the energy density to that order. So
instead of regulating the energy density with the counterterm energy density what we can do
is to subtract, at any t/δt, the whole energy density coming from that second order expansion.
This will include, of course, the necessary terms to cancel all the UV divergences but it will
probably introduce some extra finite terms, in analogy to the extra finite piece that the fixed
energy density has with respect to the counterterm energy density in lower dimensions. Let us
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add that this subtraction is also consistent with the Ward identity.8
In all, we have two different consistent ways of regulating the energy density in our scalar
field quenches. It would be interesting to consider whether there is some analogy of these
two methods in holography. Our counterterm subtraction is clearly the counterpart of the
holographic renormalization approach. But what would be the equivalent of subtracting the
fixed mass energy density in an holographic setup? Well, it seems reminiscent of the old
method of background subtraction in the early days of the AdS/CFT correspondence (see, for
instance, [20]). Usually, divergences in holography appear as we take limits toward the boundary due to the divergent nature of pure anti-de Sitter spacetime as we take the radial coordinate
towards the boundary. So, the first idea in holography, which was inherited from early semiclassical calculations in quantum gravity, to get a finite renormalized quantity for some excited
state was to subtract that same quantity but in the vacuum state, i.e., in pure AdS. Then both
quantities will be divergent but their subtraction would be finite and this is quite analogous
to our fixed energy density subtraction. Later on, this procedure was replaced by the more
rigorous method of holographic renormalization.

There is an interesting effect in the use of these two different approaches in d = 3. In this
case, the scaling is special because instead of giving a diverging behaviour as δt → 0, it gives
a vanishing one. We analysed this case in [13], concluding that actually the energy density
produced was given by δhEiren =

m3
,
8π

where m is the initial mass. The interesting thing was that

then, if we do the reverse quench where the initial mass is zero, it appears that the work done
by the quench is zero! However, this was an artifact of using the counterterm energy density
to regulate the expectation value. If we use the fixed energy density then we will find that the
8

To see this one should use the u~k modes of eq. (4.92) to compute the energy density for the scalar field,
Ωd−2
hEi =
2(2π)d

Z


kd−2 dk 
|∂t u~k |2 + |∂i u~k |2 + m(t)2 |u~k |2 .
2ωin

(4.94)

Upon taking the time derivative of that expression, one should get two different terms. First, a term proportional
to
!2
1 ∂2t Ωk 3 ∂t Ωk
2
2
Ωk − ωk −
+
,
(4.95)
2 Ωk
4 Ωk
that perfectly vanishes since that is the equation which Ωk should satisfy in order for the modes to satisfy the
equations of motion (see [13]). The second term, however, is not vanishing and gives exactly the Ward identity.
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energy density starts from zero at early times and it goes to some finite value, giving some

Energy density

non-zero finite work in the process, as depicted in fig. 4.15.
ℰquench - ℰct = ℰct - ℰct = 0
ℰfixed - ℰct
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(a) The energy density using the counterterm subtraction
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Time

(b) The energy density using the fixed mass subtraction

Figure 4.15: (Colour online) Schematic plots of the evolution of the energy density in three
spacetime dimensions when δt → 0. From the counterterm subtraction point of view, the work
done is zero but from the fixed mass subtraction perspective, there is finite work done.

Finally, we wish to consider one last method of obtaining a finite energy density. In section
4.6, we considered the difference between two physical energies, i.e., Equench − Eground . Note
that Eground , the ground-state energy density, should be something that we can easily define at
very late and very early times. In particular, this looks like Equench − E f ixed at these early and
late times. However, Eground is a real physical energy density of a particular state and it can be
defined in any renormalization scheme. So in this case, we do not need to make any reference
to our choice of scheme because all of the divergences cancel in the difference of two physical
energies. Of course, the drawback is that this can only be computed at very early or late times.

Even dimensions
Most of the explicit calculations presented in this paper refer to odd spacetime dimensions.
However, most of the conclusions also hold for even dimensions. As pointed out in [12, 13],
the only differences between even and odd dimensions are that there are additional logarithmic
UV divergences which must be regulated in even dimensions, and as a result, the renormalized
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expectation values have an extra logarithmic enhancement in the δt scaling. For example, in
even dimensions, the expectation value for φ2 in the fast smooth quench scales as
hφ2 iren ∼ δt4−d log µδt,

(4.96)

where µ is a new renormalization scale introduced by the logarithmic counterterms.
The appearance of logarithmic counterterms adds an additional technical difficulty to the
calculations presented in this paper but we do not expect that they would change the main
results. In particular, the renormalized expectation values of φ2 have a smooth limit at late
times as δt → 0 in higher even or odd dimensions, while the analogous quantity diverges after
an instantaneous quench. With regards to the energy density, we presented results for lower
even dimensions in section 4.6, where we showed that the excess energy has a smooth limit in
d = 2 as δt → 0, which matches the instantaneous answer. In higher dimensions, the excess
energy diverges as expected from the scaling of hφ2 iren and the Ward identity (4.16).

Lessons for interacting theories
We end this discussion with a comment on the lessons of our work for general interacting
theories. In [12, 13] we showed that the scaling form of renormalized quantities holds for
general quantum field theories for fast quenches as defined in eq. (4.1). It is natural to expect
that the scaling for correlation functions found for the free theory in section 4 would have
an analogue in interacting theories as well. When the length scale in the correlator is small
compared to the quench time, this correlator can be viewed as a point-split version of the
operator which is used for the quench and in the fast quench limit, the arguments of [12, 13]
then show that this quantity would scale in the expected fashion.
In this paper, we found that the relationship between the fast limit of a smooth quench
and an instantaneous quench is non trivial for free field theories in high dimensions. This
again should generalize to interacting theories. What really led to the non trivial relation is the
fact that in higher spacetime dimensions, the conformal dimension of the quenched operator
becomes large. Indeed, the scaling of the renormalized quenched operator O for general interacting theory together with the Ward identity shows that the renormalized energy density at

4.9. Appendix: Review of constant mass correlators

171

late times behaves as δtd−2∆ and therefore diverges as δt → 0 for any d whenever ∆ > d/2. This
can be consistent with the results of an instantaneous quench only if the latter is UV divergent
in this case. This fact should have non trivial consequences for the ability to express the state
after a quench in terms of a boundary state as in [5] even in low spacetime dimensions when
the conformal dimension of the quenched operator is large enough.

4.9

Appendix: Review of constant mass correlators

In this appendix, we review the computation and behaviour of the (spatial) correlator for a
massive free scalar field with a constant mass. For simplicity, we will focus on odd spacetime
dimensions. Hence we are interested in computing the following spatial correlator,
C(~r) ≡ hφ(~r)φ(~0)i =

1
2(2π)d−1

Z
√

dd−1 k
k 2 + m2

~

eik·~r ,

(4.97)

where m is simply a fixed constant (for all time). First, we can choose, without loss of generality, to place ~r along one particular axis using the rotational symmetry of the problem.
Integrating out the transverse angular directions, then yields
Ωd−3
C(~r) =
2(2π)d−1

Z

kd−2 dk
√
k2 + m2

Z

π

dθ sind−3 θeikr cos θ ,

(4.98)

0

where k = |~k| and r = |~r|. The integral over θ can be done analytically and for odd d, we find
C(~r) =
where σc = 2

d+1
2

π

d−1
2

Z

1
σc r

d−3
2

d−1

k 2 dk
J d−3 (kr) ,
√
k 2 + m2 2

and J d−3
is the Bessel function of order
2

(4.99)

d−3
.
2

Now, to get the full answer for C(~r) we need to integrate over all k, so we note that for
√
large k, the Bessel function behaves as 1/ kr times some linear combination of trigonometric
functions (of kr). Hence the naı̈ve counting of the powers of k would yield an overall factor of
k

d−4
2

in the integrand above and hence one might conclude that the integral would diverge for

any d (≥ 2). However, this factor provides a envelope for a rapidly oscillating function which
tends to produce an added cancellation in the integral. Integrals of this form can be defined
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with the following regulator: Insert an additional factor of the form exp(−ak) to the desired
integrand. The resulting (finite) answer now remains finite in the limit of a → 0. In fact, one
can show that this method works correctly for integrands that are a product of some power of
k times an oscillatory function around zero. For example, one can show that,
∞

Z
0

Z

α

∞

dk k sin(xk + δ) ≡ lim
dk kα sin(xk + δ) exp(−ak)
a→0 0
π

= sin (α + 1) + δ Γ(α + 1) x−(α+1) ,
2

(4.100)

for any non-negative values of α and x. Applying this apprach to eq. (4.99) yields the following
analytic answer
d−2
1 m 2
K1− d2 (mr) ,
C(~r) =
(2π)d/2 r

(4.101)

where now Kα is the Bessel K function. Of course, one can readily verify that this correlator
satisfies the Klein-Gordon equation as desired.9
Given this expression (4.101), it is straightforward to examine various asymptotics of the
correlator. In particular, considering the limit mr → 0, we obtain
 d−3

!
−1 2 2
m4 r 4
m2 r 2
6 6
+
+O m r +
σcC(~r) =
1−
√ d−2
2(d − 4) 8(d − 4)(d − 6)
πr


Γ 1 − d2
+ √ d−1 md−2 + O(md r2 ) .
π2 2
Γ



d
2

(4.102)

Hence the correlator diverges as expected as r → 0, i.e., the leading divergence goes as 1/rd−2 .
The above expansion reveals that the subleading terms are all proportional to the mass in this
limit. To have some concrete examples, we show:
d = 3,
d = 5,
d = 7,

9

1
− m + O(m2 r) ,
r
1 m2 m3
σc C(~r) = 3 −
+
+ O(m4 r) ,
r
2r
3
3
m2 m4 m5
σc C(~r) = 5 − 3 +
−
+ O(m6 r) .
r
2r
8r 15

σc C(~r) =

The correlator (4.101) applies for general spacelike separations if we replace the distance r by

(4.103)

√
r2 − t2 .

4.9. Appendix: Review of constant mass correlators
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We also note that the leading term in eq. (4.102) is, in fact, the exact answer for the massless
correlator, i.e.,
C(~r) =

Γ



d−2
2

4π



d
2

1
rd−2

for m = 0 .

(4.104)

The other interesting limit to consider is mr → ∞. In this case, the Bessel function decays
exponentially and we find
d−3

e−mr m 2
(1 + O(1/(mr))) .
C(~r) =
σc r d−1
2

(4.105)

We might note that the power of r in the leading term in eqs. (4.102) and (4.105) happens to
coincide for d = 3 but otherwise they differ.
To conclude this appendix, we emphasize the two main results: The first one is that naı̈vely
the integrals above seem to be divergent, especially for high d. However, because the integrand is mainly oscillating around zero, they can be regulated as in eq. (4.100) to get a finite
result. The second lesson is that in the static case this correlator diverges as 1/rd−2 , as shown
in eqs. (4.102) and (4.103). We will take these facts into account when we analyse spatial
correlators in the instantaneous and smooth quenches in section 4.3.
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Chapter 5
Quantum Quench in Free Field Theory:
Universal Scaling at Any Rate
A version of this chapter will be published in S. R. Das, D. A. Galante and R. C. Myers,
“Quantum Quench in Free Field Theory: Universal Scaling at Any Rate.” At the moment of
submitting this Thesis, this is still unpublished work.

5.1

Introduction

Universal scaling behaviour is known to occur in quantum quench processes which involve
critical points. The best known example is Kibble-Zurek scaling [1, 2], which has received
considerable renewed attention over the past several years [3, 4]. Consider, for example, a
system with a time dependent coupling g(t) which is initially in a gapped phase and whose
subsequent time evolution takes it across a critical point gc where the gap vanishes. Further,
if the rate at which the coupling varies is slow compared to the initial gap, then the early time
evolution is essentially adiabatic. So if the system starts off in the ground state of the initial
Hamiltonian, then it continues to remain largely in the instantaneous ground state. However as
g(t) approaches gc , the instantaneous gap is approaching zero and so adiabaticity must break
177
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down and the system is excited. Consider the simple power-law protocol1
g(t) − gc ∼ g0 (t/δt)r .

(5.1)

The original arguments of Kibble and Zurek [1, 2] (which were made for thermal transitions)
are readily adapted to argue that immediately after the quench, i.e., after entering the nonadiabatic regime, the expectation value of an operator O∆ of dimension ∆ will exhibit universal
scaling of the form:
hO∆ i ∼ g0 /δtr

ν∆
 rν+1

,

(5.2)

where ν is the correlation length exponent.2
Recently a new scaling behaviour has also been found for fast quenches. This was first
discovered in holographic studies [5,6], but later found to be a completely general result in any
quantum field theory [7–9]. Consider a quantum field theory described by the action
S = S CFT +

Z

dt λ(t)

Z

dd−1 x O∆ (~x, t) ,

(5.3)

where O∆ is a relevant operator of the UV conformal field theory with conformal dimension ∆.
The coupling λ(t) starts from some constant value λ1 , varies as a function of time over some
time scale δt over a range of the order of δλ, and settles down to some other constant λ2 . When
δt is small compared to all other physical length scales in the problem, but slow compared to
the scale of the UV cutoff,
−1/(d−∆)
Λ−1
, (λ2 )−1/(d−∆) , (δλ)−1/(d−∆) ,
UV δt  (λ1 )

(5.4)

various renormalized quantities display scaling. For example, the renormalized expectation
value hO∆ iren behaves as
hO∆ iren ∼ (δλ)(δt)d−2∆ .

1

(5.5)

In addition, in section 5.5, we will also analyze Kibble-Zurek behaviour in protocols that approach the critical
point exponentially (instead of having a power law behaviour), i.e., g(t) − gc ∼ g0 exp(−t/δt).
2
That is, the exponent which determines the instantaneous gap — see eq. (3.2). Here and throughout the
following, we will assume that the fixed point theory is relativistic, i.e., the dynamical critical exponent is z = 1.
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As a result of the diffeomorphism Ward identity [7–9], there are similar scaling laws for the
energy density. As discussed below, this scaling for smooth fast quenches can be shown in
great detail in free field theories, and a great insight has been obtained by studying these. In
these cases, there are additional scaling law for higher spin conserved charges.
The aim of this paper is to investigate the transition from scaling in fast quenches to KibbleZurek scaling as one changes the quench rate. In principle, there could be some discontinuity
which separates these two regimes. We will address this question in free bosonic and fermionic
field theories with time dependent masses, closely following our earlier work. We will find that
in these cases the scaling behaviour changes smoothly.
Along the way, we are able to exhibit Kibble-Zurek scaling in free scalar field analytically.
This analysis also shows the nature of corrections to the leading scaling answer — these corrections appear as an expansion in fractional powers of the quench rate. Similar expansions
have been shown to occur in holographic investigations of Kibble-Zurek scaling [10]. Other
interesting numerical studies of Kibble-Zurek behaviour in holographic settings can be found
in [11].
It is also interesting to analyze systems with a finite physical cutoff, like for instance, lattice
models. In that case, we expect the universal fast scaling to be modified as the quench rate
reaches the cutoff scale. In a future communication we will investigate this effect in certain
exactly solvable spin systems [12].
The remaining of the paper is organized as follows: in Section 5.2 we give a short review
of some basic aspects of scaling in fast smooth quenches and slow quenches; in Section 5.3
we derive exact expressions for the response to mass quench in free scalar and fermionic field
theories with protocols which are suitable for looking at both slow and fast quenches; finally, in
Sections 5.4 and 5.5 we discuss the main results of this paper regarding Trans and Cis-Critical
Protocols and End-Critical Protocols, respectively.

5.2

Review of past results

In this section we summarize known results for fast and slow quenches.
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Quench Type
Fermions
Scalars

Coupling
m(t)
m2 (t)

Operator
ψ̄ψ
φ2

Dimension
∆=d−1
∆=d−2

Table 5.1: Description of free field theory quenches.

5.2.1

Fast, smooth quenches

In [7–9], we described the evolution of expectation values of operator under a smooth but fast
quench, as summarized above. Note that for ∆ > d/2 and δt → 0, the expectation value
hO∆ iren in eq. (5.5) goes to infinity. This appears paradoxical at first sight, since at least in low
dimensions, there are perfectly reasonable results for a truly instantaneous quench. In [9] this
issue was discussed in detail by looking at UV finite quantities like the correlation functions
at finite spatial separations and excess energy produced. In the following we review the most
salient results that will be used in this note.
Even though the result in eq. (5.5) is quite general, our detailed analysis was done mainly
for free scalars and free Dirac fermion fields with time dependent mass terms.
In our cases, the quenches in free field theory were described by the parameters appearing
in Table 5.2.1.
This basically means that in the limit of fast quenches, the expectation values behave as
hψ̄ψiren ∼ m δt2−d ,
hφ2 iren ∼ m2 δt4−d .

(5.6)
(5.7)

In [7–9] we proved that this scaling holds both numerically and analytically. In particular,
we found that the leading order response (in odd spacetime dimensions) was given by
hψ̄ψiren = (−1)
hφ2 iren = (−1)

d−1
2

d−1
2

π
2d−1 σ
π

2d−2 σ

1−d
∂d−2
),
t m(t) + O(δt

(5.8)

2
6−d
∂d−4
),
t m (t) + O(δt

(5.9)

f

s

where σ f and σ s are constants that only depend in the spacetime dimension d and will be
defined again in the following section — see eqs. (5.23) and (5.33).
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We should also mention that in even dimensions there is an extra enhancement of the scaling
due to an extra logarithmic divergence in the counterterms. In fact, in general, for even d we
would expect the operators to scale as,
hO∆ i ∼ δtd−2∆ (O1 + O2 log µδt) ,

(5.10)

where O1 and O2 are just constants that depend on d and µ is an IR regulator. We found in [8]
that in general O2 seems to be universal while the non-logarithmic contribution is not. For
d > 4, in the scalar case, it turns out that [8]
σ s O2 = (−1)d/2 δtd−4

5.2.2

2
∂d−4
t m (t)
.
2d−3

(5.11)

Kibble-Zurek (KZ) physics

We now turn to a quench which is slow compared to physical scales in the problem. Generically, this would mean that we will be in the adiabatic regime, where the value of the expectation value is just the one that corresponds to a fixed-mass expectation value with the mass
corresponding to the mass at that particular instant of time. However, that is no longer true if
the quench involves a critical point. In that case, and close enough to the critical point, it is
impossible to have an adiabatic evolution.
Therefore if we start from a gapped phase with a quench rate slow compared to the initial
gap, adiabatic perturbation theory will break down whenever the change in the instanteous gap
Egap (t) becomes of the same order as the gap itself, i.e.,
1 dEgap (t)
Egap (t)2 dt

= 1.

(5.12)

t=tKZ

If the time dependent coupling behaves near the critical point as in eq. (5.1), while the gap
depends on the coupling as
Egap (t) ∼ |g(t) − gc |zν ,

(5.13)

it follows from eq. (5.12) that we can define a Kibble-Zurek time, tKZ , when adiabaticity should
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break down, as
tKZ ∼ g0 /(δt)r

zν
− zrν+1

.

(5.14)

Kibble and Zurek assumed that once adiabaticity is broken at t = −tKZ (for symmetric protocols
that cross the critical point at t = 0), the system switches to a diabatic evolution till t = tKZ . If
one further assumes that in this region the only relevant scale in the problem is tKZ , the scaling
for the renormalized operators in the region follows from dimensional analysis, namely,
hO∆ iren ∼ (tKZ )−∆/z .

(5.15)

Substituting eq. (5.14) in eq. (5.15) then leads to eq. (5.2).
An improved version of KZ scaling involves scaling functions which can over a wider
regime [13, 14]. For example, the one point function behaves as
hO∆ (t)iren ∼ g0 /δtr

ν∆
 zrν+1

F(t/tKZ ) ,

(5.16)

with similar scaling form of higher point correlation functions [14].
Instead, if you consider protocols that approach exponentially to the critical point, i.e.,
|g(t) − gc | ∼ g0 exp(−t/δt), we find it more convenient to define a Kibble-Zurek energy E KZ ,
instead of a Kibble-Zurek time. This is because the amount of time it takes to reach the critical
point is always infinite. So if we want a measure to decide whether we are close enough to
the critical point, it is more convenient to define a KZ energy, that will give a finite distance
to the critical point. Note that for power-law profiles, both the Kibble-Zurek time and energy
−1
coincide, i.e., tKZ = E KZ
, but in the exponential case they do not. We will show in section 5.5

that in fact E KZ gives the correct scaling.
In sections 5.3 and 5.4, we will consider quenches in free field theories where the gap is
linear in time near the critical point , i.e., Egap (t) =

m
t.
δt

Then, this defines the Kibble-Zurek

time as
tKZ =

p
δt/m .

(5.17)

5.3. Explicit solutions
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√
Usually we will work in dimensionless time, so we define τKZ ≡ tKZ /δt = 1/ mδt. This would
translate into the expectation value of the quenched operators as
hψ̄ψiren ∼
hφ2 iren

 δt − d−1
2

,
m
 δt − d−2
2
.
∼
m

(5.18)
(5.19)

In section 5.5 we will consider an exponential approach to the critical point in scalar field
quenches. In this case, E KZ = δt−1 , which subsequently would mean
hφ2 iren ∼ (δt)2−d .

(5.20)

Note that in this case the scaling does not depend on the initial amplitude of the gap.

5.3

Explicit solutions

Following [14], in this paper we will analyze three different protocols that should exhibit
Kibble-Zurek behaviour when approaching a critical point. We will consider Trans-Critical
Protocols (TCPs) that cross through a critical point at t = 0; Cis-Critical Protocols (CCPs),
that only touch the critical point at t = 0; and End-Critical Protocols (ECPs), that approach the
critical point as t → ∞ — see fig. (5.1). At this point, it is worth mentioning that in the case of
ECPs, our analysis will diverge from that in [14], where they consider protocols that approach
the critical point with a power-law behaviour. Instead, we will consider ECPs that approach
the critical point exponentially.
In the case of TCPs and CCPs, we examine protocols that go through a critical point at
some time, e.g., m(t = 0) = 0. Then, we will expect KZ scaling behaviour to appear near t = 0.
√
As described in the previous section, “near” is determined by the KZ time tKZ = δt/m (for a
linear behaviour near m = 0).
For the TCP, the simplest quench is the fermionic one where we are just quenching the
mass with a tanh profile. In our previous work [7–9], we wrote our solutions in terms of a mass
that interpolates between values (A + B)m to (A − B)m, where A and B were constants that we
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were able to chose freely. In the past, we analyzed quenches to the critical point, where A = B
and reverse quenches where A = −B. Now we want our solutions to go through zero at time
zero, so we will be interested, basically, in the case where A = 0.
Note that this means that the mass will be negative for times greater than zero. This is not
a problem in the fermionic case. However, for the scalar quenches, the coupling is the mass
squared, and then having a negative mass squared would mean having negative frequencies.
To avoid this problem, for the scalar case we will consider a CCP and will be analyzing
pulsed quenches, where basically the mass squared will start at some positive value at t = −∞,
then go down to zero at t = 0 and then return to that same positive value at t = +∞.
Finally, to consider the ECP, we will use the scalar field quench with a tanh profile as
the one used in [7–9], that starts at some m when t = −∞ and approaches the critical point
exponentially as t → ∞.
Sketches of the profiles are in fig. (5.1). Note that the first two protocols need minor
changes from the original solutions that we have been working with in [7–9], so in the next
subsections we will see in detail the form of both quenches to critical points. For completeness,
we will also show the ECP solution, that can already be found in [7–9].
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Figure 5.1: Quench profiles to study KZ behaviour.

5.3.1

Trans-Critical Protocol (TCP) for Fermionic Quenches

We start by describing the exact solution for a free fermionic quench with a TCP protocol. A
more general solution for mass profiles of the form m(t) = A+ B tanh(t/δt), in terms of arbitrary
A and B was already discussed in [8]. So we just need to specify convenient values for these
parameters to get the answer of interest in this case.
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In this case, the mass operator is ψ̄ψ and the explicit construction of the solution can be
found in [8]. If we concentrate on protocols that cross the critical point at t = 0, then we just
need to specify the known solution for the case A = 0. By doing so, we get the mass profile
m(t) = −m tanh(t/δt) .

(5.21)

Then, solution for the desired expectation value is given by
hψ̄ψi =

ω + m
ψdiv (k)dk =
kd−4 dk
2ω




2
2
2
2
× k − m (t) |φ~k | − |∂t φ~k | + 2m(t)Im φ~k ∂t φ~∗k ,
σ−1
f

Z

σ−1
f

Z

(5.22)

where σ f is a numerical coefficient that depends on the spacetime dimension d,

d−1

1−d/2


(2π) 2 /Ωd−2
 2
σf = 


 (2(3−d)/2 )(2π) d−1
2 /Ω
d−2
and ω =

for even d ,
for odd d ,

(5.23)

√
k2 + m2 . Last but not least, we need to define φ~k , that in this case is given by
!
1 + tanh t/δt
φ~k (t) = exp (−i ω t) 2 F1 1 − i m δt, i m δt; 1 − i ω δt;
,
2

(5.24)

where 2 F1 is the usual hypergeometric function.
Now, as we discussed in [7–9], this bare expectation value is UV-divergent and needs regularization. In order to get a finite value for the expectation value we defined a renormalized
operator,
hψ̄ψiren ≡

σ−1
f

Z

dk(ψdiv (k) − fct (m(t), k)) .

(5.25)

where fct subtracts all the divergences of ψdiv as we take k → ∞. It turns out (see [7–9]) that,
m(t)3 d−5 3m(t)5 d−7
k −
k +
(5.26)
2
8
!

5m(t) 
1
1 4
∂t m(t)∂t m(t) + m(t)∂2t m(t) kd−7 ,
+ ∂2t m(t)kd−5 −
∂t m(t) +
4
16
8

fct (m(t), k) = −m(t)kd−3 +

are all the necessary terms needed to regulate theories up to d = 7. As we discussed in [7–9],
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the first line shows the terms needed to regulate the expectation value for a constant mass,
while the second line includes novel terms that include time derivatives. It is significant that
the counterterms written above are universal in the sense that the function m(t) can be any
smooth function of time. In fact these terms are the large-k expansion of the adiabatic answer.

Finally note that for a constant-mass fermion, the expectation value of the mass operator is
given, for odd d, by

hψ̄ψiren, f ixed

5.3.2

  

Γ 1 − d2 Γ d−1
2
= σ−1
md−1 sgn(m(t)) .
√
f
2 π

(5.27)

Cis-Critical Protocol (CCP) for Scalar Quenches

For a scalar field with a pulsed profile that just touches the critical point, we need to slightly
modify the solution for a CFT-to-CFT quench studied in [8]. In fact, we will be considering a
slightly more general profile
m2 (t) = m20 −

m2
.
cosh2 (t/δt)

(5.28)

For this profile the equation of motion reads,
!
d2 u~k
m2
2
2
u~k = 0 .
+ k + m0 −
dt2
cosh2 t/δt

(5.29)

By making the necessary substitutions in the solutions of the CFT-to-CFT quench in [8], we
obtain the following “in” solution to (5.29),
u~k =

√2 2
2i k +m0 yα
×
√
0
0
4π(k2 + m2 )1/4 E1/2 E3/2 − E1/2 E3/2
1

0

!
1
1
1 3
× E3/2 2 F1 (a, b; ; 1 − y) + E1/2 sinh(t/δt)2 F1 (a + , b + ; ; 1 − y) ,
2
2
2 2
(5.30)
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where
Γ(c)Γ(b − a)
,
Γ(b)Γ(c − a)
q
i δt k2 + m20
,
a=α+
√ 2
1 − 1 − 4m2 δt2
α=
,
4
Ec =

Ec0 = Ec (a ↔ b) ,
q
i δt k2 + m20
b=α−
,
2

(5.31)

y = cosh2 (t/δt) .

To recover the solution for the CFT-to-CFT quench we simply need to set m2 = −m2 and
m0 = m in the above expression.

In this case, we are interested in the expectation value of operator φ2 . Again, this is usually
UV-divergent, so we introduce a regulated expectation value,
hφ iren =
2

σ−1
s

Z



dk kd−2 |u~k |2 − fct (k, m(t)) ,

(5.32)

where,
σs ≡

2(2π)d−1
,
Ωd−2

(5.33)

and fct as a function of the mass profile can be obtained using an adiabatic expansion as in [7,8].
For completeness we write the result to regulate the theory up to d = 9,
fct (k, m(t)) = kd−3 −
−

kd−9
32


kd−5 2
kd−7  4
m (t) +
3m (t) + ∂2t m2 (t)
(5.34)
2
8


10m6 (t) + ∂4t m2 (t) + 10m2 (t) ∂2t m2 (t) + 5∂t m2 (t) ∂t m2 (t) + · · · .

As in the case of the fermionic quench, we end this subsection by reporting the known
result for a fixed-mass scalar field in odd spacetime dimensions, that will be useful in the next
section,
hφ2 iren, f ixed


  
Γ 1 − d2 Γ d−1
2
= σ−1
md−2 .
√
s
2 π

(5.35)
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5.3.3

End-Critical Protocol (ECP) for Scalar Quenches

In [7–9] we focussed our attention in the scaling properties for the expectation value of the
quenched operator near t = 0, when mδt was small. In those quenches we started from a
fixed mass amplitude m and quenched the system to zero mass with a tanh profile. This means
that the mass of the system will asympotically go to zero as time goes to infinity and hence,
we should be able to extract some KZ behaviour by examining this same quench but at late
times and large δt. For completeness, we exhibit here the exact solutions for these quenches,
as shown in [7–9]. The mass profile is given by m2 (t) =

m(1−tanh(t/δt))
.
2

Exact solutions to the

Klein-Gordon equation with this mass profile is given by the following “in” modes:
u~k =

1
exp(i~k · ~x − iω+ t − iω− δt log(2 cosh t/δt)) ×
√
2ωin
!
1 + tanh(t/δt)
,
2 F 1 1 + iω− δt, iω− δt; 1 − iωin δt;
2

(5.36)
(5.37)

p
where ωin = ~k2 + m2 , ωout = |~k| and ω± = (ωout ± ωin )/2. As in the previous case, we compute
the expectation value for the quenched operator φ2 and define a renormalized expectation value,
hφ iren =
2

σ−1
s

Z



dk kd−2 |u~k |2 − fct (k, m(t)) ,

(5.38)

where σ s and the counterterms fct are exactly the same as in the previous case and are given by
eqs. (5.33-5.34).

5.4

Results for TCPs and CCPs

In this section we will use the exact solutions describe in the previous section to provide both
analytic and numerical evidence that a slow quench that goes through a critical point experience
a special behaviour near the critical point, leading to KZ scaling. We will also be able to show,
at a finite time, the transition from the fast quench to the adiabatic, passing through the KibbleZurek quench, providing a complete example of the universal properties of quantum quenches
at any rate. In particular, in this section, we will address the problem of TCPs and CCPs, while
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we leave the analysis of ECPs to the next section.

5.4.1

Adiabaticity Breakdown

We start by showing that in fact there is some loss of the adiabatic behaviour that is manifest in
our solutions near the critical point. To do this we fix a large value for mδt and we follow the
evolution of the expectation values as a function of time. What we see is that, in general, the
expectation value for the operator follows its adiabatic evolution, i.e., eq.(5.27) for fermions
and eq. (5.35) for scalars with the mass given by the value of the mass at that particular time
t/δt. However, when the coupling approaches the critical point we start seeing a deviation
from the adiabatic answer. In particular, when the time approaches the Kibble-Zurek time, i.e.,
√
τKZ = tKZ /δt = 1/ m δt, then the expectation value of the operator starts differing from the
adiabatic answer and does not get to zero as the adiabatic answer would when m = 0.
This general behaviour is shown for both TCP and CCP quenches under consideration in
figs. (5.2) and (5.3). In both cases we show results for δt = 10, m = 1 and d = 5. For the
fermionic case, this means that the adiabatic solution is σ f hψ̄ψiren = 23 m(t)4 sgn(m(t)) and for
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the scalar quench, σ s hφ2 iren = 23 m3 (t).
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(b) Loss of adiabaticity near the critical point

Figure 5.2: Evidence for KZ physics near a critical point in fermionic quenches. The green
solid line represents the adiabatic solution at each instant of time. The blue dots correspond to
the expectation value of the mass operator for a slow quench with δt = 10, in units of m. In fig.
(a) we see that for early and late times the expectation value follows the adiabatic expectation
for slow quenches. In fig. (b) we focus on the region near the critical point (t = 0), and in
fact, we see that the expectation value differs from the adiabatic one. √
As a guide we plotted
in dashed red lines plus and minus the Kibble-Zurek time, ±τKZ = ±1/ m δt, were we should
expect the two curves to start differing from each other, according to the original Kibble-Zurek
argument. As we see in fig. (b), this is in fact what is happening.
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Figure 5.3: Evidence for KZ physics near a critical point in pulsed scalar quenches. The green
solid line represents the adiabatic solution at each instant of time. The blue dots correspond to
the expectation value of the mass operator for a slow quench with δt = 10, in units of m. In fig.
(a) we see that for early and late times the expectation value follows the adiabatic expectation
for slow quenches. In fig. (b) we focus on the region near the critical point (t = 0), and in
fact, we see that the expectation value differs from the adiabatic one. √
As a guide we plotted
in dashed red lines plus and minus the Kibble-Zurek time, ±τKZ = ±1/ m δt, were we should
expect the two curves to start differing from each other, according to the original Kibble-Zurek
argument. As we see in fig. (b), this is in fact what is happening.

As suggested by eq. (5.15) in the previous section, a useful way to observe the KZ scaling is
by computing the renormalized expectation value of the quenched operator but as a function of
t/tKZ . For symmetric protocols, then, we should expect the expectation value between t/tKZ =
±1 to be proportional to the KZ scaling times some function of t/tKZ . In fig. (5.4) we plotted
the expectation value for the fermionic operator for different δt’s as a function of t/tKZ for
d = 5. Note that we are extracting out the Kibble-Zurek scaling, so as we increase δt we
observe that (between t/tKZ = ±1) all the curves converge into a single one, that is what we
called F(t/tKZ ) in eq. (5.15). Moreover, we plotted in a dashed curve the adiabatic expectation
to show that as you go away from the KZ zone, the curves tend to approximate to the adiabatic
one as δt → ∞. However, in the KZ region, the curves are clearly different from the adiabatic
expectation. We computed analogous results for the scalar case. In that case, we also were
able to obtain analytic results for F(t/tKZ ), so we reserve the comparison for section 5.4.3. The
impatient reader, though, can find the analogous plots in fig. (5.9).
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(b) Kibble-Zurek interval, −1 < t/tKZ < 1.

Figure 5.4: Renormalizad expectation value of fermionic mass operator as a function
of t/tKZ for d = 5.
The different curves correspond to δt = 10i , with i =
0.5(blue), 1(yellow), 1.5(green), 2(orange), in units of m. Note that we are multiplying the
5−1
expectation value by δt 2 , that is the expected KZ scaling. In dashed red, we plotted the expectation value in the adiabatic case. In fig. (a) we plotted for large periods of time, while in
fig. (b) we zoomed in the area where we expect KZ scaling to appear (−1 < t/tKZ < 1).

5.4.2

Expectation values at t = 0 and KZ scaling

In order to characterize this special behaviour, we first concentrate on t = 0. In this special
case the formulas get simplified. For instance, all the counterterms that are proportional to the
mass are zero so we do not need to consider them. As we will see below, at this particular time
we will be able to extract KZ scaling analytically in the case of the pulsed quench. This will
also allow us to calculate the corrections to leading scaling.

5.4.2.1

Numerical

We start by evaluating the expectation values for both the fermionic and the scalar quench
at t = 0. This is, in principle, a challenging task because as we increase δt we expect the
expectation value to actually go to zero, so in general we will be integrating numerically large
quantities that will be cancelled to give a very small (and decreasing with δt) number.
Another important aspect to note is that in fact the formulas presented in section 5.3 are
valid for any quench rate. In particular, for very small δt we expect to recover our past universal
results for fast quenches (see section 5.2), while for larger δt we expect KZ behaviour.
At this point, and focussing at t = 0, the only variable in the problem is m δt and so for
m δt  1 we expect the fast quench to appear and for mδt  1 the expectation is to find the
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KZ scaling. Our solutions also allow us to see the transition between the two regimes. Also
note that at t = 0 it is impossible to achieve adiabatic behaviour since the adiabaticity condition
requires
1 dm(t)
 1.
m(t)2 dt

(5.39)

This becomes, both for fermionic quenches with mass given by eq. (5.21) and the pulsed scalar
quench with mass given by eq. (5.28),
mδt 

1
,
sinh (t/δt)

(5.40)

2

which can never be satisfied at t = 0.
We start by analyzing the fermionic quench. We fix the time to t = 0 and then compute
the expectation value for the mass operator for different δt’s for d = 4 and d = 5. The results
are shown in figure (5.5). In the fast quench regime we just reproduce the scaling behaviour
found in [7, 8] finding perfect agreement with the analytic expressions therein (orange curves).
In the slow quench region, we find that the best fit curve reproduces the expected scaling
for KZ physics, i.e., hψ̄ψiren ∼ δt−

d−1
2

. In between we find a smooth transition between the

two regimes. Also note that in the even dimensions case we find no extra log enhancement.
This is just because we are calculating the expectation value at t = 0, where the logarithmic
contribution vanishes (see equations (3.15) and (3.16) in [8]) . In the next section we will study
finite t, where we do expect logarithmic enhancement in even dimensions.
Now we turn to the case of free scalars with the mass profile given by eq. (5.28). In this
case there is an extra feature: for fast quenches, the expectation value goes as the (d − 4)derivative of the mass profile. This means that for odd dimensions, the expectation value for
φ2 is zero at t = 0. This fact will make the fast scaling very difficult to see, so we will focus
our attention (for now) in even dimensions. We basically perform now the same computation
as before with the fermionic quench but for this scalar profile. The results can be seen in fig.
(5.6). For d = 4, we see that for the fast quench there is a pure logarithmic behaviour and when
we turn into the slow quench we find that it scales with δt as δt−

d−2
2

= δt−1 , that is the expected

scaling in KZ physics. Note that in the intermediate region the expectation value changes sign
and to continue plotting in the logarithmic scale we decided to plot the absolute value of the
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Figure 5.5: The transition from the fast quench to the slow quench at t = 0 for fermionic
quenches. The fast quench exhibits the usual fast quench universal scaling. The leading analytical contribution were found in [7, 8] and they are plotted in solid orange. In solid purple
we have the best fit lines for the slow regime, with powers of δt supporting the KZ scaling
d−1
hψ̄ψiren ∼ δt− 2 . At t = 0, the two regimes are divided by the scale m δt = 1, which is plotted
in dashed red for orientation purposes only.

expectation value. This generates an apparent singular behaviour in the expectation value but
that is just an artifact of the logarithmic scale as can be seen from the insets in fig. (5.6), where
the profiles are plotted in a regular scale and no discontinuities are present.
Also note that in d = 4, the KZ scaling is not enhanced by logarithmic corrections, as it is
in the fast quench regime. We will discuss this fact in the next section. In fact, this is special for
d = 4, because as it can be appreciated in fig. (5.6b), in the case of d = 6 there is a logarithmic
scaling in both the fast and the slow quench, and the same holds for higher even dimensions.
Taking out that difference, the behaviour and the two characteristic scalings are the same for
d = 6.

5.4.2.2

Analytical

In order to get some analytical understanding of the quench process near the critical point, we
study the pulsed scalar quench at t = 0. A generalization of the ideas in this section is given in
section 5.4.3 to evaluate the expectation value at finite times.
The expression for the quenched operator simplifies at t = 0. Consider eq. (5.30) which we

Chapter 5. Quantum Quench in Free Field Theory: Universal Scaling at Any Rate

1000

0.0
-0.5
�������

-1.0
-1.5

10

0.00
-0.05
-0.10
-0.15
-0.20
-0.25
-0.30

0.100

1

2

3

4

5

δt

0.001
0

0.001

σs |<ϕ2 >ren (t=0)|

0.010

σs <ϕ2 >ren (t=0)

��������

σs |<ϕ2 >ren (t=0)|

1

0.100

σs <ϕ2 >ren (t=0)

194

2

4

6

8

10

δt
10-4

0.001

0.010

0.100

1

10

100

0.01

0.10

1

δt

10

100

δt

(a) d = 4

(b) d = 6

Figure 5.6: The transition from the fast quench to the slow quench at t = 0 for the scalar quench.
The fast quench exhibits the usual fast quench universal scaling. The solid orange curve is the
leading order contribution for fast quenches, that as we are in even dimensions, it has an extra
d−2
logarithmic contribution. The solid purple curves show the KZ scaling, hφ2 iren ∼ δt− 2 , that is
enhanced in d = 6 by a logarithmic contribution, that is not present in d = 4. In each figure, the
inset shows the same expectation value but not in logarithmic scale, near the region where the
apparent divergences appear. As it can be easily appreciated, the profiles are smooth and the
apparent divergent behaviour is just an artifact of the logarithmic scale when the expectation
value changes sign.

recall here,
u~k =

√2 2
2i k +m0 yα
×
√
0
0
4π(k2 + m2 )1/4 E1/2 E3/2 − E1/2 E3/2
1

0

!
1
1 3
1
× E3/2 2 F1 (a, b; ; 1 − y) + E1/2 sinh(t/δt)2 F1 (a + , b + ; ; 1 − y) .
2
2
2 2
(5.41)
Now, at t = 0, the second term of the second line vanishes because of the overall factor of
sinh(t/δt). Moreover, we remind the reader that y = cosh2 (t/δt), so the last argument of both
hypergeometric functions is (1 − y)|t=0 = 0. This means that modes at t = 0 are simplified to
√
2i

k2 +m20

E3/2
.
u~k (t = 0) = √
0
0
4π(k2 + m20 )1/4 E1/2 E3/2 − E1/2 E3/2

(5.42)

Thus we need to find the behaviour of eq. (5.42) for large values of mδt. Note that an adiabatic
expansion would be a power series in (mδt)−1 , which is indeed a good expansion for early
times. However at t = 0 adiabaticity has broken down, so this power series expansion is no
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longer valid.
The bare expectation value is given by
hφ i|t=0 =
2

σ−1
s

Z

dk kd−2 |u~k (t = 0)|2 .

(5.43)

An efficient way of extracting the large mδt behaviour is to make a change of variables in the
above integral in a way which allows an expansion of the integrand for large mδt. This is along
the lines of the analysis of fast quench which was performed in [7–9] where we were looking
for an expansion for small mδt. In that case, it was useful to perform the change of variables
k → p = kδt. This is no longer useful in our present situation.
For large mδt, Kibble-Zurek physics indicates that once we are in the vicinity of the crit√
ical point, the only scale in the problem is the Kibble-Zurek time, tKZ = δt/m. Then, it is
promising to define dimensionless variables in this case as
r

δt
q = k
= k tKZ ,
m
√
κ =
mδt = m tKZ .

(5.44)
(5.45)

Indeed this is the correct change of variables in the integral which allows us to extract the large
κ behaviour.
The renormalized expectation value becomes
σ s hφ2 iren |t=0 =

Z
 m  d−2
2
δt



dq 


2

E3/2
qd−2
 .
−
f
(q,
κ)
p
ct
0
0
2
2
E
E
−
E
E
3/2
1/2
4π q + κ
1/2
3/2
(5.46)

We will now show that the integrand is an expansion in 1/κ, with the leading term being O(1).
Therefore the leading large κ behaviour is given by the pre-factor which is in fact the expected
KZ scaling for this expectation value.
At this point, it will be useful to remind the reader what the different E’s are. In these
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variables, we have
Γ(c)Γ(b − a)
Γ(b)Γ(c − a)
iκ p 2
κ + q2
a=α+
2
Ec =

,

Ec0 = Ec (a ↔ b) ,

iκ p 2
b=α−
κ + q2 ,
2

√
1
α =
1 − 1 − 4κ4 .
4
,

(5.47)

The usefulness of choosing the dimensionless momenta as in (5.45) is the following. The
crucial point is that in (5.47) the expansion of a is
1
i
a = (1 + iq2 ) +
+ ··· ,
4
16κ2

(5.48)

so that the leading term is O(1). This allows us to perform a series expansion of the integrand in
inverse powers of 1/κ. Note that the gamma functions which appear have vanishing arguments
and therefore individually each E can diverge. However the combination present in eq. (5.46)
is well-behaved. In fact, one gets an expansion

E3/2
0
− E1/2 E3/2

0
E1/2
E3/2

2

=κ

 2
2  2 2  1+iq2 2
1
2
e− 4 (5πq ) eπq + 1 Γ 1−iq
Γ 2
4
8π2

+ O(κ0 ) .
(5.49)

As regards the counterterms, at t = 0 all the ones that are proportional to the mass vanish and
for lower dimensions we do not have any time derivatives in the counterterms.

Note that the rescaling of the integration variable is simply a tool to obtain the large κ
behaviour. In fact, we can make any other change of variables, e.g.,
δtβ
,
m1−β
κ̃ = (mδt)β ,

q̃ = k

(5.50)
(5.51)

with β being some real number. In the cases analyzed so far, β = 1 for the fast quench and
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β = 1/2 for the slow quench. For general β, one would obtain


!4 
2


1
1  √
iq

 .
a = − 1 − 4κ2/β + κ1/β 2i + 2 + O
4
κ
κ

(5.52)

Consider the term proportional to q2 . It turns out that if we chose β < 1/2, then that term would
be leading in the κ expansion and a would be just proportional to q2 . In the opposite case, with
β > 1/2, then that term would be subleading and a won’t depend on q to leading order. It
turns out that none of these possibilities allow us to get a well-behaved series expansion of the
combinations of E’s that we have. It is only when β = 1/2, that the leading term is at the same
time independent of κ and dependent on q and that is exactly the right combination needed to
get the expansion in (inverse) powers of κ.
The leading term in eq. (5.49) is proportional to κ. Going back to eq. (5.46), the factor
√ 12

q +κ2

starts with 1/κ, and one finally gets for d ≤ 5,

σ s hφ iren |t=0 =
2

Z
 m  d−2
2
δt

dq Φ1 (q) − qd−3 + · · · ,

(5.53)

where the qd−3 corresponds to the counterterm and

Φ1 (q) = qd−2

 2
2  2 2  1+iq2 2
1
2
e− 4 (5πq ) eπq + 1 Γ 1−iq
Γ 2
4
8π2

.

(5.54)

The integral over q will give us just a number, so that the leading order behaviour is given by
the prefactor, which is exactly Kibble-Zurek scaling.
We have not been able to perform the integral in eq. (5.53) analytically. We can, instead,
integrate numerically to the precision we want and for d = 4 and d = 5 we obtain,
d=4
|t=0
σ s hφ2 iren
d=5
σ s hφ2 iren
|t=0

=

m

0.091412 + · · · ,
δt
 m 3/2
=
0.256921 + · · · .
δt

(5.55)
(5.56)

The expression obtained for d = 4 fits perfectly with the purple curve in fig. (5.6a). One can do
an analogous calculation for d = 5 and will find the same agreement, validating this analytic
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expansion.
In higher dimensions, d = 6, 7, the necessary counterterms will involve time derivatives of
the mass [7, 8]. This means that even at t = 0 the counterterms can be non-vanishing. In fact,
up to d = 7, the counterterms read
1
fct (q, κ) = qd−3 + qd−7 .
4

(5.57)

The last term will introduce the extra logarithmic divergence in d = 6. In this case, we obtain,
d=6
σ s hφ2 iren
|t=0

=

 m 2
δt

!
1
0.030079 + log(µδt) + · · · ,
8

(5.58)

where we introduced a dimensionful constant µ in the logarithm as in [7–9] for even d. Of
course, this prediction perfectly matches the purple curve on fig. (5.6b).
Extracting KZ scaling and corrections became much easier since we worked at t = 0. In
principle one should be able to carry out the analysis for finite τ in the critical region. We show
how to deal with it analytically at the end of the next subsection.

5.4.3

Universality at any rate!

So far we have focussed our attention on t = 0. We find that at that moment of time the expectation values behave exactly as predicted by Kibble-Zurek physics. But KZ scaling should
hold not only at the critical point but also at its vicinity, see eq. (5.16), so in this section we
study what happens with the quenched operators at any finite time.
This will be interesting because it will give a complete description of the expectation value
of a quenched operator at any finite time for any quench rate.
The idea is first, to fix a finite value of τ = t/δt = τ0 , and study the response as a function
of δt. This means that different values of δt correspond to different times t = τ0 δt. Recall that
√
the Kibble-Zurek time is given by tKZ = δt/m. For a fixed τ0 it corresponds to a value of
δt = δtKZ = 1/(mτ20 ).
Then, as a function of δt, three different regimes should appear. First, for mδt  1 we have
the universal fast quench regime studied in [7–9]. At the other extreme, when δt  δtKZ , which
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means mδt  1/τ20 , the system is far from the critical point and the time evolution should be
adiabatic. Finally for 1  mδt  1/τ20 we should have Kibble- Zurek scaling.
Note that δtKZ is inversely proportional to the square of τ20 , so in the case of τ = 0 that was
analyzed in the previous section, this division between the two regimes happens at infinity and
we would never be able to see it.
To show how this works, we start by analyzing the fermionic quench in d = 5. We fix τ to
be τ0 = −1/5. This choice is arbitrary but in general τ0 should be small enough (in absolute
value) so that we have a large region between δt = 1 and δt = 1/τ20 , so that the KZ scaling can
be easily distinguished.
Now we compute the expectation value for the mass operator all the way from very small
δt to very large δt. The results are shown in fig. (5.7), for m = 1. We can clearly recognize
the three different behaviours. First we have the fast quench scaling, whose analytic answer is
plotted in solid orange. As δt → 1 there is a transition and KZ physics starts appearing. The
solid purple line shows that the scaling obeys KZ scaling. Finally, when δt is large enough,
compared to 1/τ2 , then the behaviour becomes adiabatic and the solid green line shows exactly
the value of the expectation value for a fixed-mass operator with mass equal to m(t/δt = τ0 ).
The passage between these behaviours appears to be completely smooth.
And finally, we turn into the pulsed quench for scalars. As we are now away from t = 0
we can also see the fast quench scaling in odd dimensions. In fig. (5.8) we show the results for
d = 5 and τ0 = −1/16. The result is basically analogue to the fermionic one. There are three
distinct phases for the expectation value of the quenched operator as a function of δt. For small
δt, we see the fast quench scaling. For very large δt, the expectation value is just the adiabatic
one, independent of δt. But between both of them, there is a Kibble-Zurek phase, in the region
1 < mδt < 1/(τ20 ), where the expectation value scales as (δt)−

d−2
2

.

Analytic Argument
We can understand that behaviour analytically in the case of the pulsed scalar field quench by
generalizing the arguments in section 5.4.2.2, to a finite fixed time τ. In particular, by doing
an appropriate expansion of the full expectation value we will be getting that it scales as the
Kibble-Zurek scaling times a function of t/tKZ , exactly as claimed in eq. (5.16).
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Figure 5.7: Expectation value of the fermionic mass operator at fixed τ = −1/5, as a function
of δt. We set the mass to m = 1. The solid organge line is the analytic leading contribution
to the expectation value for fast quenches; the solid purple line agrees with the KZ scaling,
d−1
hψ̄ψiren ∼ δt− 2 ; and the solid green line shows the adiabatic value for a fixed-mass operator
with the corresponding mass at τ = −1/5. To guide the different regions we also plotted dashed
red lines at δt = 1 and δt = 1/τ2 , that should correspond to the transition scales.

Recall that the full solution for the pulsed quench is given by
hφ (τ)i =
2

Z

dd−1 k
|u~k (t/δt = τ)|2 ,
d−1
(2π)

(5.59)

with

u~k

√2 2
2i k +m0 yα
×
= √
0
0
4π(k2 + m20 )1/4 E1/2 E3/2 − E1/2 E3/2
!
1
1
1 3
× E3/2 2 F1 (a, b; ; 1 − y) + E1/2 sinh(t/δt)2 F1 (a + , b + ; ; 1 − y) .
2
2
2 2
1

(5.60)
Also recall, that y = cosh2 (τ). This last fact was used in section 5.4.2.2 to simplify the expression as 1 − y|τ=0 = 0 and then both hypergeometric functions in eq. (5.60) had a vanishing
argument and so they simplified to 1.
At this point, we cannot assume they are zero any more, but instead we want to expand
for small τ. Note that according to the arguments presented in section 5.2.2, we expect the
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Figure 5.8: Expectation value of the scalar pulsed mass operator at fixed τ = −1/16, as a
function of δt for d = 5. We set the mass to m = 1. The solid organge line is the analytic
leading contribution to the expectation value for fast quenches; the solid purple line agrees
d−2
with the KZ scaling, hφ2 iren ∼ δt− 2 (the fit by a function y = ax−α gives a = 0.1867 and
α = 1.515) ; and the solid green line shows the adiabatic value for a fixed-mass operator with
the corresponding mass at τ = −1/16. To guide the different regions we also plotted dashed red
lines at δt = 1 and δt = 1/τ2 , that should correspond to the transition scales. Note that as there
is a change of sign in the expectation value, noticeable in the plot by an apparent divergence
around δt ∼ 10−1 , we decided to plot the absolute value of the renormalized expectation value.
To avoid misinterpretations, we also included an inset without the logarithmic scale to show
that the expectation value is smooth as a function of δt.

expectation value to be proportional to the KZ scaling times a function of t/tKZ , see eq. (5.16).
Then it will be useful to write the fixed time τ as
τ ≡ t/δt =
where again tKZ is given by tKZ =

√

t/tKZ
,
κ

δt/m and κ =

√

(5.61)
mδt. Now for times of order t/tKZ . 1,

where we expect to see the KZ scaling, a small τ expansion is equivalent to a large κ expansion.
q
As in section 5.4.2.2, we define dimensionless momenta given by q = k δtm . In this variables
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we can write the expectation value as,
σ s hφ (t/tKZ )i =
2

Z
 m  d−2
2

2

qd−2

E3/2
·
(5.62)
dq p
0
0
δt
q2 + κ2 E1/2 E3/2 − E1/2 E3/2
!
2
E1/2
1
t/tKZ
1
1 3
· 2 F1 (a, b; ; 1 − y) +
sinh
2 F 1 (a + , b + ; ; 1 − y)
2
E3/2
κ
2
2 2

The idea is to get the leading order contribution in the κ expansion and that will result in
the corresponding F(t/tKZ ).
First note, that if we specify t = 0, the second line is just one and we recover the solution
analyzed in Section 5.4.2.2, so the expansion gives,

E3/2
qd−2
p
0
0
q2 + κ2 E1/2 E3/2 − E1/2 E3/2

2

−−−→ Φ1 (q) ≡ qd−2

 2
2  2 2  1+iq2 2
1
2
Γ 2
e− 4 (5πq ) eπq + 1 Γ 1−iq
4
8π2

κ→∞

.
(5.63)

Next, we need to expand

E1/2
E3/2

sinh

 t/t 
KZ

κ

for large κ. The sinh is just linear in its argument

and expanding the E 0 s gives a term proportional to κ, so in all we have
E1/2
t/tKZ
sinh
E3/2
κ

!

 3−iq2  

3/4


(−1)
Γ

t 
4
 + O(κ−1 ) .
−−−→
 1−iq2 
2

κ→∞ tKZ 
Γ

(5.64)

4

The last step we need is to expand the hypergeometric functions to leading order for large
κ. Note that by expanding its arguments we get,
!
!
t/tKZ
t/tKZ
2
lim 2 F1 (a, b; c; 1 − y) = lim 2 F1 a, −iκ ; c; − 2 = lim 2 F1 a, κ ; c; i 2 ,
κ→∞
κ→∞
κ→∞
κ
κ
2

(5.65)
where c is either 1/2 or 3/2 depending which of the two hypergeometric functions in eq. (5.60)
we are expanding and a =

1+iq2
4

+ O(κ−1 ). To go from the first term to the second term we just

expanded the arguments for large κ and to go from the second to the third we use the fact that,
in its series representation, each term has the form

(a)n (b)n zn
,
(c)n n!

so if b = −iκ2 , the leading term in

(b)n would be (−iκ2 )n , so the (−i)n can certainly go into the last argument as (−iz)n . Note also
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that the second hypergeometric in eq. (5.60) has b + 1/2 as the second term, however, that extra
1/2 will be irrelevant in the large κ limit.
Now we are able to take the limit of κ → ∞, that gives nothing more than the confluent
P n zn
hypergeometric function3 , limw→∞ 2 F1 (x, w; y; z/w) = 1 F1 (x; y; z) = n (a)
. So,
(b)n n!
− y) =

1 F1

+ 1/2, b + 1/2; 3/2; 1 − y) =

1 F1

2 F 1 (a, b; 1/2; 1

2 F 1 (a

!
1 + iq2
2
, 1/2, i(t/tKZ ) + O(κ−1 ) ,
4
!
3 + iq2
2
, 3/2, i(t/tKZ ) + O(κ−1 ) ,
4

(5.66)
(5.67)

both independent of κ to leading order.
With this we have all the ingredients to compute the bare expectation value. An extra
comment needs to be made about the counterterms needed to regulate the expectation value.
Up to d = 5, the necessary counterterms can be written as
fct (q, κ) = q

d−3

−q

d−5

t/tKZ
κ2
1 − cosh−2
2
κ

!!
= qd−3 − qd−5

(t/tKZ )2
+ O(κ−2 ) .
2
(5.68)

Then the renormalized expectation value, to leading order for large κ is given by
σ s hφ (t/tKZ )iren =
2

Z
 m  d−2
2
δt

dq Φ1 (q)

 3−iq2  

!2
3/4


2
2(−1)
Γ

t
3
1 + iq 1
3
+
iq

4



 1 F1
, , i(t/tKZ )2 +
, , i(t/tKZ )2
 1−iq2 
1 F1

4
2
tKZ 
4
2
Γ 4
!!
Z
(t/tKZ )2
− dq qd−3 − qd−5
.
(5.69)
2
2

!

Note that this is just what we were looking for! The overall factor in the above expression gives
the correct Kibble-Zurek scaling and the rest is an integral over q that only depends on t/tKZ .
If we perform the integral, then we are left with F(t/tKZ ) as required in eq. (5.16). In fact, the
integral can be done numerically and so, we can compare with the full expectation value for
different values of δt. Basically, in fig. (5.9), we present the analogue for scalars of fig. (5.4)
3

In the last two paragraph we are using the usual notation for the hypergeometric series representation where
(X)n = X(X + 1) · · · (X + n − 1), for natural n, and (X)0 = 1.

204

Chapter 5. Quantum Quench in Free Field Theory: Universal Scaling at Any Rate

for fermions but with the added green dashed curve that gives the leading order solution in the
κ expansion, computed by numerically integrating eq. (5.69). We observe that as δt increases
in the range t < tKZ , the full solutions approach the leading order one and clearly move away
from the adiabatic one, providing good evidence of the expected Kibble-Zurek scaling.
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Figure 5.9: Renormalizad expectation value of φ2 as a function of t/tKZ for d = 5. The different
curves correspond to δt = 10i , with i = 0.5(blue), 1(yellow), 1.5(green), 2(orange), in units of
5−2
m. Note that we are multiplying the expectation value by δt 2 , that is the expected KZ scaling.
In dashed red, we plotted the expectation value in the adiabatic case. In dashed green, we
present the leading order solution in the large κ expansion. In fig. (a) we plotted for large
periods of time, while in fig. (b) we zoomed in the area where we expect KZ scaling to appear
(−1 < t/tKZ < 1).
Fig. (5.9) also uncovers another interesting fact about F(t/tKZ ). At first thought, we can
imagine this function appropriate to describe the Kibble-Zurek region, i.e., t > tKZ . However,
fig. (5.9a) shows that for t > tKZ , F(t/tKZ ) overlaps with the adiabatic solution, showing that
it also describes the behaviour of the expectation value in the adiabatic regime. Even though
this might be surprising, it also be related to the fact that to obtain F(t/tKZ ) we just performed
a large-κ expansion but we did not assume any special limit for t/tKZ .
It is also worth mentioning that this analytical computation agrees with the numerical fit in
the previous section. For instance, the purple curve with the KZ scaling in fig. (5.8), is given
by equation y = aδt−α , with a = 0.1867 and α = 1.515. The value of α of course supports the
KZ scaling for d = 5. But we also find quite a good agreement in the other coefficient. In fig.
(5.8), τ is fixed to −1/16 and δt is of the order of 10 in the KZ region, so t/tKZ ∼ −0.2. The
numerical integration of eq. (5.69) for d = 5 gives a ∼ 0.194, that is similar to what we found
with the numerical fit.
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Moreover, we can obtain even stronger evidence to support the claim that F(t/tKZ ) also
contains the adiabatic evolution by comparing with the full numerical evaluation of fig. (5.8).
In there, we fixed τ = t/δt = −1/16. Then, in order to compare both solutions we need to
√
√
compute F(t/tKZ ) = F( δtt mδt) = F(− 161 δt), in units of m. The results for large δt are
shown in fig. (5.10), where we just included the numerical evaluation of the full solution
√
1
and the comparison with F(− 16
δt). The overlap between the two approaches at large δt,
makes manifest that F(t/tKZ ) is a good approximation even during the adiabatic evolution.
As pointed out before, the change between the Kibble-Zurek and the adiabatic scaling occurs
when δt ∼ τ−2 and that, obviously, corresponds to F(t/tKZ = 1). So it would be interesting to
understand the change in the behaviour of F between t < tKZ and t > tKZ .
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Figure 5.10: Expectation value of the scalar pulsed mass operator at fixed τ = −1/16, as a
function of large δt for d = 5. We set the mass to√m = 1. The solid green line shows the
leading order solution in the κ expansion, δt−3/2 F(− δt/16). To guide the different regions we
also plotted dashed red lines at δt = 1 and δt = 1/τ2 , that should correspond to the transition
scales.

5.5

Results for ECPs

The ECP with an exponential approach behaves different as the other two cases. This is mainly
because instead of just passing through or touching the critical point, in this protocols we never
actually get to it. A consequence of this difference is reflected in the different scaling that we
expect in the KZ behaviour, i.e., see the difference between eq. (5.19) and eq. (5.20).
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In this section, we use the exact solution for a tanh quench to the critical point, as shown
in section 5.3.3, to extract the Kibble-Zurek scaling at late times, i.e., when the profile is close
enough to the critical point.
Note that in this case obtaining a plot with the universal scaling at any rate as function of δt
can be very challenging. This is because to actually have evidence for KZ scaling when need
to be at late time τ0 . At that time, though, when you go to the fast quench regime, you see
that expectation values are proportional to time derivatives at that time and as the profile has an
exponential decay, the expectation value will soon go to zero, making the universal fast scaling
very hard to see.
We already studied the fast quench regime in this kind of quenches in [7–9], so in this
section we will concentrate on the slow quench and the appearance of a Kibble-Zurek scaling
before reaching the adiabatic behaviour.
Recall that for an exponential profile m(t) = m exp(−t/δt), the condition for adiabaticity
breakdown is — see eq. (5.12) —,
m exp(−tKZ /δt) = δt−1 .

(5.70)

Solving for tKZ , we see that actually tKZ will have a logarithmic dependence on δt. Instead,
if we define E KZ ≡ mKZ = m exp(−tKZ /δt), we see that this is just inversely proportional to
δt. Now, both tKZ and mKZ could play the role of the dimensionful relevant scale that will
dominate the expectation value of the quenched operator. This is, in principle, hφ2 iren can scale
as (tKZ )−∆ or (mKZ )∆ , giving different scaling with δt. Note that for power-law protocols this is
not a problem since in those cases tKZ = 1/mKZ .
To distinguish which of the two scalings with δt is the correct one, we computed the expectation value of the quenched operator as a function of δt at late times. In fig. (5.12), we show
such an example for τ = 12 in d = 5. We can in fact observe an interesting scaling before going
into the adiabatic one and the fit shows that there is no logarithmic scaling present. In fact, the
fit supports the scaling hφ2 iren ∼ δt2−d which would correspond to mKZ being the relevant scale
in this case. This is coherent since tKZ does not seem to be a plausible scale in this regime
because the time to approach the critical point is always infinite in this case. Instead, mKZ gives
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a finite distance (in units of energy) to the critical point.
A second computation we can perform to verify eq. (5.70) is to compute δtKZ as a function
of τ, i.e., the rate at which the quench is slow enough as to go to adiabatic behaviour instead of
KZ. We can get an estimate of that by computing the intersection between the KZ fit and the
adiabatic value. Doing that for different values of τ, we arrive to fig. (5.12), where we see that
in fact δtKZ grows exponentially with τ as required by eq. (5.70).
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Figure 5.11: Expectation value of the scalar mass operator at fixed τ = 12, as a function of
δt. We set the mass to m = 1 and concentrate on large quench rates. The solid purple line is
the best fit for the points in the Kibble-Zurek regime and obeys the equation y = a δt−α , with
a = 0.0199 and α = 2.993, which supports the conclusion that in these exponential protocols
the relevant scale is mKZ instead of tKZ . The green line corresponds to the adiabatic value at
τ = 12.

5.6

Concluding Remarks

In this paper we have studied universal scaling for expectation value of operators in the “in”
state for a big range of quench rates which ranges from “slow” to “fast” quench. We found
that the fast quench scaling smoothly crosses over to Kibble-Zurek scaling and finally to an
adiabatic behaviour. Our calculations, however, involved renormalized expectation values of
local operators, which is what is physical for quench rates which are always much slower
than the UV cutoff scale of the theory. With these operators, it is not possible to study the
limit of instantaneous quench, δt → 0. However, as shown in detail in [9] some properties
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Figure 5.12: The value of δt at which there is a transition between the KZ scaling and the adiabatic behaviour as a function of the fixed time τ. The curve corresponds to an exponential fit of
the numerical points (y = a exp(−τ), with a = 0.314). This is in agreement with expectations
given by eq. (5.70), though it is not exact as we are taking δtKZ as the intersection between the
KZ fit —purple line in fig. (5.11)— and the adiabatic value).
of instantaneous quench can be studied by looking at UV finite objects like the correlation
function at finite spatial separations. Then, this separation r provided an extra scale in the
problem and what we found is that for δt < r, the universal scaling stopped appearing and
instead the correlator was constant with respect to δt.
We expect a similar behaviour for local quantities when the UV cutoff is finite. Such models
may describe realistic experimental systems, so it would be interesting to analyze those cases.
In that case one can consider a quench rate which is at the cutoff scale. For such rates, the
physics should be described by an instantaneous quench. For such quenches, Calabrese and
Cardy have proposed a simple description of the state after a quench from a gapped phase to a
critical theory [15, 16] in terms of boundary states of the final CFT. It turns out that the validity
of this proposal depends on what is being measured [17]. An exactly solvable model on a
lattice will be useful to address these issues. Progress in this direction has been made recently
in [18] analyzing the Kibble-Zurek scaling in the transverse Ising model. We have recently
found exactly solvable quench protocols in several spin models and studied the dependence on
the quench rate: the results will appear in a separate communication [12].
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Chapter 6
General discussion and conclusions
In the preceding Chapters (and in [1–4]) we studied the problem of following the real time
evolution of a theory in which one of its couplings is time dependent. We considered quenches
in which the coupling only changes in a time scale given by the quench duration δt. Inspired by
previous results in holography [5, 6] that seemed to challenge condensed matter expectations
[7, 8] — see Chapter 1 — we studied mass quenches in free field theories. In theses cases,
and for certain mass profiles, we were able to obtain exact analytic solutions to the equations
of motion that are valid at any quench rate. This allowed us to study quantum quenches in
different regimes.
The first and most important result concerns the study of smooth fast quenches. Holographic studies exhibit universal scaling in this regime. Given a CFT perturbed by a relevant
R
operator of dimension ∆, S = S CFT + dd x λ(t) O∆ , the argument is that if the quench is fast
enough so that δt is the only relevant scale in the problem, then the expectation value for the
quenched operator should scale universally. In a similar fashion, and following from the diffeomorphism Ward identity, the expectation value for the energy density should also exhibit
universal scaling. While this was previously done in the context of holography, at infinite coupling, we show that the same scaling holds for infinitely weak, free field theories. To be more
concrete, we found that for quenches in which the quench duration is much shorter than the
quench amplitude, i.e., δt  δλ1/(d−∆) , the renormalized expectation value for the quenched
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operator and subsequently, the energy density should scale universally as,
hO∆ iren ∼ δλ/δt2∆−d , hEiren ∼ δλ2 /δt2∆−d .

(6.1)

This result is valid in arbitrary spacetime dimensions, with the added feature that in even dimensions the scaling is enhanced by an extra logarithmic divergence. For free scalar field
theories, the dimension of the mass operator is d − 2, so as mδt  1, we found that the expectation values were diverging for d ≥ 4. While this seems to be a problem only in higher
dimensions, in the fermionic case where the mass operator has dimensions ∆ = d − 1, the
divergences start appearing as low as d = 2. Moreover, in this Thesis we provided arguments
to think that in fact this scaling holds beyond the infinitely weak or strong coupling and that
should hold for any interacting CFT. In these cases, whenever ∆ > d/2, the corresponding
expectation values should be diverging as δt goes to zero.
While in Chapter 2 we presented this important result, in Chapter 3 we gave details and
presented both numerical and analytical arguments to prove it in free field and interacting
theories.
In the case of the free scalar field, we also discussed the scaling of higher spin currents. For
a massless scalar field there is an infinite tower of higher spin currents that are conserved [9,10],
maybe the most known one being the spin 2 current or the stress-energy tensor. In the massive
case (but with a fixed mass), we expect to have analogue conserved currents of higher spin. In
fact we constructed the full spin-4 current in Chapter 3. We showed that by doing a recursive
process similar to the Ward identity, in which the spin-0 expectation value, hO∆ i, is related to
the spin-2 expectation value, hT µν i, higher spin currents under the quench should also scale
universally. Of course, this opens the interesting question of what would be the behaviour of
Vasiliev higher spin theories [9] under quantum quenches. In particular, it is believed that the
O(N) vector model is dual to one of these higher spin theories [11], so maybe the lessons we
learnt analyzing fast quenches can go back into holography and tell us some interesting features
of Vasiliev gravity [9]. We leave this interesting research direction for future investigation.
Another important characteristic of our calculations is that we are dealing with renormalized expectation values, which means that we previously subtracted all the UV-divergent quan-
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tities of the bare expectation value. In free field theory, we showed how to find the divergent behaviour by doing an adiabatic expansion of the expectation value in powers of time-derivatives
of the mass profile. This step might be counter-intuitive, since our results hold in the case of
fast quenches where time-derivatives are not suppose to be small, but also reveals an important
point of our analysis. The fact that the adiabatic expansion works to find the UV-behaviour
of the expectations values is a consequence of the fact that our fast quenches are indeed fast
compared to the quench amplitude but they are still slow compared to the cutoff scale of the
theory. So as we take this cutoff to infinity, the UV behaviour can be extracted even if the
quenches are fast compared to δλ.
This opened an interesting line of research, that we partially answered in Chapter 4. This
is, what really happens as we take δt to zero? This is an important question since most studies
in condensed matter use the instantaneous quench approach and the universal scaling for fast
quenches seems to indicate that expectation values are diverging in that limit. One approach we
took in Chapter 4 was to evaluate explicitly the instantaneous quench expectation value at late
times, where naively we expect the instantaneous and the fast smooth quench to give the same
answer. However, it turns out that is not the case, at least not in every dimension. For scalar
quenches, in d = 3 the δt dependence drops out at late times and so the two expectation values agree. But in higher dimensions they give different answers. In particular, for dimensions
greater or equal to 7, the instantaneous expectation value is UV divergent while the smooth one
is finite, so they are infinitely different from each other. This suggests the instantaneous approach should be revised in higher dimensions. This is also in agreement with the second study
we did in Chapter 4, that is the computation of spatial correlators. The study of this object adds
an extra degree of freedom and should approach the expectation value as the spatial separation
r goes to zero. Interestingly, we found that at late times and large separations the instantaneous
and the smooth quench coincide in every dimension. As we took smaller separations, then the
correlators start differing from each other, specially at higher spacetime dimensions, to finally
get the same diverging result for the instantaneous quench as r → 0. At early times, we found
the same universal scaling result for smooth fast quenches when r < δt < 1/m. When we took
δt smaller than r then the expectation value saturated into an instantaneous quench answer.
This is probably what we expect to happen if we would work on a theory with a finite physical
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cutoff. As δt reaches that scale, the expectation values will saturate. Of course, it will be very
interesting to see that behaviour in some systems like lattice models where the lattice spacing
works as a natural cutoff. This will also get us nearer to experimental setups. In fact, there
are some simple spin models, such as the transverse field Ising model in 2 dimensions and the
Kitaev honeycomb model in 3 dimensions that can be solved exactly for certain protocols and,
in principle, they can be mapped into fermionic solutions very similar to the ones studied in
this Thesis. We could then evaluate different observables at different quench rates and see what
happens as they approach the lattice spacing size. This constitutes another interesting line of
research for the future and in fact, Kibble-Zurek behaviour in the transverse Ising model has
been recently analyzed in the literature [12]. We should still be interested in expanding those
computation in the slow quench to the fast quench regime until it reaches the cutoff scale.
Finally, in this Thesis we also analyzed the interesting case of the slow quench that goes
through the critical point. According to Kibble-Zurek predictions [13, 14] the adiabatic behaviour should break down close enough to the critical point and interesting new scaling should
appear, related to the critical exponents. We show that is the correct picture in free field theories. Moreover, as our solutions were valid for any value of δt we were able to track the
whole evolution of the expectation values from its adiabatic value at very large δt, going to
Kibble-Zurek scaling and finally showing the fast scaling for short quench durations. However, we should note that Kibble-Zurek scaling is not as universal as the fast quench scaling, in
the sense that it not only depends on δt but also in the way we approach the critical point. This
is somehow expected since as we are doing a slow quench, the details of the protocol should
be more important as we get near the critical point. For linear protocols analyzed in Chapter
√
5, the time at which adiabaticity breaks down is defined by a Kibble-Zurek time tKZ = δt/m.
We also show that in this regime the natural scale in the problem is the Kibble-Zurek time and
so we should expect corrections to Kibble-Zurek scaling coming in fractional powers of δt, as
opposed to the fast or the adiabatic quench when corrections where given in integer powers.
Even though we showed strong evidence for KZ scaling in free field theories and there are also
similar studies in holographic settings [15, 16], the question on how Kibble-Zurek mechanism
emerges in general interacting theories is still an open (and interesting) question.
All of the results in this Thesis correspond to global quenches, i.e., we are assuming that
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the change in the coupling only depends on time (and not on the spatial coordinates). With
this assumption, it is natural to think in systems that are spatially homogeneous and isotropic.
Recently, progress has been made towards generalizing the global quench into a local one,
where the change in the coupling also depends on the spatial coordinates. Results from both
instantaneous quenches [17] and holography [18] suggest that interesting physics might arise
by considering smooth local quenches.
Last but not least, we should mention another interesting topic to continue doing research in
these smooth quenches setups. This is related to the entanglement dynamics in time-dependent
settings. It will be very interesting to consider the evolution of entanglement entropy as the
coupling varies with time. The problem has been address previously in the context of holography [19] and also for instantaneous quenches in two-dimensional CFTs [21, 22]. See also [20].
In these studies what is usually observed is that entanglement entropy grows linearly as a
function of time until it saturates to a thermal value. In [19], for instance, bounds have been
conjectured to the linear velocity of growth of entanglement entropy in holography. In the instantaneous quench approach, usually a quasiparticle model is used to simulate entanglement
dynamics. Given that we have concrete and exact solutions for smooth quenches it would be
interesting to compute the evolution for entanglement entropy and see whether it follows previous expectations. Moreover, the entanglement entropy in QFTs is usually a divergent quantity
but the structure of those divergences is understood. In [23], the authors discovered new divergences coming from massive QFTs, so it is tempting to think that this time-dependent theories
could provide an extra source of divergent terms to the entanglement entropy. Very recently,
entanglement entropy has also been measured in ultra-cold atoms experiments [24]. Computing it in the present solutions for smooth quenches, though challenging, might be an interesting
direction for future research.
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– 23 NOV 2015, Department of Physics and Astronomy, University of British Columbia,
BC, CAN
– 17 NOV 2015, Berkeley Center for Theoretical Physics, University of California,
Berkeley, CA, USA
– 06 OCT 2015, Department of Physics and Astronomy, University of Illinois at
Urbana-Champaign, IL, USA
– 05 OCT 2015, Kadanoff Institute for Theoretical Physics, University of Chicago,
IL, USA
– 28 SEP 2015, Department of Physics and Astronomy, University of Kentucky, Lexington, KY, USA
• Universality in quantum field theory after a quantum quench, 03 SEP 2015, Department of Applied Mathematics, Western University, London, ON, CAN (Graduate
Students talk)
• Quantum Quenches and Universality, 27 MAR 2015, KITP, University of California,
Santa Barbara, CA, USA (Talk at KITP retreat)
• Universality in Fast Quantum Quenches, 22 AUG 2014, University of Buenos Aires,
ARG (Invited speaker)
• Regulating expectation values in time dependent QFTs, 26 JUL 2014, University of
Porto, POR (Mathematica Summer School)
• Universal Scaling in Fast Quantum Quenches in Conformal Field Theories, 23 JUN
2014, Princeton University, NJ, USA (Poster presentation at Strings2014)

229
• Applications of AdS/CFT Correspondence, 04 SEP 2013, Department of Applied
Mathematics, Western University, London, ON, CAN (Graduate Students talk)
• Thermalization with a chemical potential from AdS spaces, 10 MAY 2012, La Plata,
Buenos Aires, ARG (Invited speaker)

